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ORBIT CONFIGURATION SPACES OF SMALL COVERS AND
QUASI-TORIC MANIFOLDS
JUNDA CHEN, ZHI LU¨ AND JIE WU
Abstract. In this article, we investigate the orbit configuration spaces of
some equivariant closed manifolds over simple convex polytopes in toric topol-
ogy, such as small covers, quasi-toric manifolds and (real) moment-angle man-
ifolds; especially for the cases of small covers and quasi-toric manifolds. These
kinds of orbit configuration spaces are all non-free and noncompact, but still
built via simple convex polytopes. We obtain an explicit formula of Euler char-
acteristic for orbit configuration spaces of small covers and quasi-toric mani-
folds in terms of the h-vector of a simple convex polytope. As a by-product of
our method, we also obtain a formula of Euler characteristic for the classical
configuration space, which generalizes the Fe´lix-Thomas formula. In addition,
we also study the homotopy type of such orbit configuration spaces. In par-
ticular, we determine an equivariant strong deformation retract of the orbit
configuration space of 2 distinct orbit-points in a small cover or a quasi-toric
manifold, which turns out that we are able to further study the algebraic topol-
ogy of such an orbit configuration space by using the Mayer-Vietoris spectral
sequence.
1. Introduction
1.1. Notion and motivation. Let G be a topological group and let M be a G-
space. The (ordered) orbit configuration space FG(M,k) is defined by
FG(M,k) = {(x1, . . . , xk) ∈M
×k | G(xi) ∩G(xj) = ∅ for i 6= j}
with subspace topology, where k ≥ 2 and G(x) denotes the orbit at x. In the case
where G acts trivially onM , the space FG(M,k) is the classical configuration space
denoted by F (M,k).
The notion of configuration space had been introduced in physics in 1940s [N, vT]
concerning the topology of configurations with various study on this important ob-
ject since then. In mathematics, configuration spaces were first introduced by Fadell
and Neuwirth [FN] in 1962 with various applications [Ar, BCWW, Bir, Bo, Co, T,
V]. Since 1990s, the notion of configurations was introduced in robotics commu-
nity to study safe-control problems of robots. A new-created field in mathematics
named topological robotics was recently established by Ghrist and Farber [Fa, Gh],
where the topology of configuration spaces on graphs plays an important role. The
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orbit configuration spaces with labels provide combinatorial models for equivariant
loop spaces [X]. Moreover orbit configuration space is an analogy to fiber-type
arrangements [Coh]. The fundamental groups of orbit configuration spaces enrich
the theory of braids [CKX, CX].
If the group G acts properly discontinuously on a manifold M , there are var-
ious fibrations available related to FG(M,k) [X]. Thus the standard methods of
spectral sequences in algebraic topology can be used for studying the cohomol-
ogy of FG(M,k). In particular, the cohomology of FZ2(S
n, k) has been determined
in [FZ, X2], where Z2 acts (freely) on S
n by antipodal map. In the case that G does
not freely on a manifold M , the determination of the homotopy type or cohomol-
ogy of FG(M,k) becomes much harder because algebraic topology lacks sufficiently
effective tools. For instance, the classical Fadell-Neuwirth fibration [FN] fails in
non-free cases in general.
In 1991, Davis and Januszkiewicz [DJ] introduced four classes of particularly
nicely behaved manifolds over simple convex polytopes–small covers, quasi-toric
manifolds and (real) moment-angle manifolds, which have become important ob-
jects in toric topology. Note that in their paper [DJ], Davis and Januszkiewicz
used the terminology “toric manifold” rather than “quasi-toric manifold”, but the
former has been used in algebraic geometry as the meaning of smooth nonsingular
toric variety, so Buchstaber and Panov [BP] began with the use of the terminology
“quasi-toric manifold”. In addition, (real) moment-angle manifolds were named by
Buchstaber and Panov [BP] later when they studied the topology of (real) moment-
angle manifolds as submanifolds in polydisks. A quasi-toric manifold (resp. small
cover), as the topological version of a compact non-singular toric variety (resp. real
toric variety), is a smooth closed manifold M of dimension 2n (resp. dimension
n) with a locally standard action of torus T n (resp. real torus Zn2 ) such that its
orbit space is a simple convex n-polytope P . A (real) moment-angle manifold can
directly be constructed from a simple convex polytope P such that it admits an
action of real torus or torus with P as its orbit space. There are strong links be-
tween topology and geometry of these equivariant manifolds and combinatorics of
polytopes. In this article, we put these equivariant manifolds into the framework
of orbit configuration spaces, especially for the cases of small covers and quasi-toric
manifolds. In other words, we pay much more attention to non-free orbit config-
uration space FGn
d
(M,k) for a dn-dimensional Gnd -manifold πd : M −→ P over a
simple convex n-polytope P , d = 1, 2, where M is a small cover and Gn1 = Z
n
2 when
d = 1, and a quasi-toric manifold and Gn2 = T
n when d = 2. We still expect that
there is an essential connection between topology and geometry of FGn
d
(M,k) and
combinatorics of P .
1.2. Statement of main results. Our first result is an explicit formula for the
Euler characteristic of FGn
d
(M,k) in terms of the h-vector (h0, h1, ..., hn) of P , and
in particular, χ(FTn(M,k)) = χ(F (M,k)) if d = 2. Let hP (t) = h0+h1t+· · ·+hnt
n
be a polynomial in Z[t]. Then our result is stated as follows.
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Theorem 1.1. Let πd : M −→ P be a dn-dimensional Gnd -manifold over a simple
convex n-polytope P where d = 1, 2. Then the Euler characteristic of FGn
d
(M,k) is
χ(FGn
d
(M,k)) =

(−1)kn
∑
I=(k1,...,ks)
CI
s∏
i=1
hP (1− 2ki) if d = 1
χ(F (M,k)) =
∑
I=(k1,...,ks)
CI
(
hP (1)
)s
if d = 2
where I = (k1, ..., ks) runs over all partitions of k, CI =
k!(−1)k−s
r1!r2!···rs!k1k2···ks
and ri is
the number of times that ki appears in I.
Our method for proving this theorem is to investigate the combinatorial structure
on FGn
d
(M,k). As a consequence of this method, we can also give a formula for the
Euler characteristic of a non-equivariant configuration space F (M,k) in terms of a
polynomial of χ(M).
Theorem 1.2. Let M be a compact triangulated homology n-manifold. Then
χ(F (M,k)) = (−1)kn
k−1∏
i=0
(χ(M)− i) = (−1)knk!
(
χ(M)
k
)
.
Remark 1.1. The above formula can be rewritten as
1 +
∞∑
k=1
(−1)knχ(F (M,k))
k!
tk = 1 +
∞∑
k=1
(
χ(M)
k
)
tk = (1 + t)χ(M).
Let n be even. Then we obtain the Fe´lix-Thomas formula [FT, Theorem B]. Hence
Theorem 1.2 generalizes the Fe´lix-Thomas formula.
Next we shall be concerned with the homotopy type of FGn
d
(M,k) for n ≥ 1. We
first consider the case n = 1. In this case, we obtain
Theorem 1.3. Let πd : M −→ P be a d-dimensional G1d-manifold over P . Then,
when d = 1, FZ2(M,k) has the same homotopy type as k!2
k−2 points, and when
d = 2, FS1(M,k) has the same homotopy type as a disjoint union of k! copies of
T k−2.
Remark 1.2. The classical configuration spaces on the circle is related to hyperbolic
Dehn fillings [YNK]. The orbit version might give some additional information.
For general M and k, the spaces FGn
d
(M,k) can be expressed as an intersection
of the subspaces of M×k which are homeomorphic to M×(k−2) × FGn
d
(M, 2) under
coordinate permutations (see Proposition 2.1). Thus the study on FGn
d
(M, 2) is
the first step for the general cases. In this article we focus on this case to give an
experimental investigation of the homotopy type of FGn
d
(M, 2), where the combi-
natorial methods successfully overcome the technical difficulties in this case. The
spaces FGn
d
(M,k) for general k will be explored in our subsequent work. By the re-
construction of small covers and quasi-toric manifolds, we are able to determine an
equivariant strong deformation retract of FGn
d
(M, 2) in terms of the combinatorial
data from P via πd. The result is stated as follows.
Theorem 1.4. Let πd : M −→ P be a dn-dimensional Gnd -manifold over a simple
convex polytope P . Then there is an equivariant strong deformation retraction of
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FGn
d
(M, 2) onto
Xd(M) =
⋃
F1,F2∈F(P )
F1∩F2=∅
(π−1d )
×2(F1 × F2)
where F(P ) is the set of all faces of P .
The equivariant strong deformation retract Xd(M) in Theorem 1.4 plays an
important role on further studying the algebraic topology of FGn
d
(M, 2). The
dual cell decomposition of the union
⋃
F1,F2∈F(P )
F1∩F2=∅
(F1 × F2) as a polyhedron is a
simplicial complex KP , which indicates the intersection property of all subman-
ifolds (π−1d )
×2(F1 × F2), F1, F2 ∈ F(P ) with F1 ∩ F2 = ∅. As shown in sec-
tion 7, Xd(M) with KP together determines a Mayer-Vietoris spectral sequence
E1p,q(KP , d), ..., E
∞
p,q(KP , d) with Z coefficients, which converges to H∗(Xd(M))
∼=
H∗(FGn
d
(M, 2)). Namely
Hi(FGn
d
(M, 2)) ∼=
∑
p+q=i
E∞p,q(KP , d)
(see Theorem 5.1). We shall prove that
Theorem 1.5. Assume that πd : M −→ P is a dn-dimensional Gnd -manifold over
a simple convex polytope P . Then there is the following isomorphism
E2p,q(KP , 1)⊗ Z2
∼= E2p,2q(KP , 2)⊗ Z2.
For the case d = 2, we also have
Theorem 1.6. Let π2 :M −→ P be a 2n-dimensional quasi-toric manifold over a
simple convex polytope P . Then the associated Mayer-Vietoris spectral sequence of
the space X2(M) collapses at the E
2 term, that is,
Hi(FTn(M, 2)) ∼=
∑
p+q=i
E2p,q(KP , 2).
Furthermore, as a consequence of Theorems 1.4–1.6,we can also determine:
(1) the integral homology of FG2
d
(M, 2) and
(2) the (mod 2) homology of FGn
d
(M, 2) for M to be a Gnd -manifold over an
n-simplex ∆n. In this case, M is one of RPn,CPn or CP
n
(see [BP, Page
426]).
The article is organized as follows. In section 2, we give a brief review on the no-
tions of small covers, quasi-toric manifolds and (real) moment-angle manifolds and
investigate basic constructions and properties of their orbit configuration spaces.
Then we calculate the Euler characteristic of the orbit configuration spaces for small
covers and quasi-toric manifolds in section 3, where Theorem 1.1 is Theorem 3.6
and the proof of Theorem 1.2 is given in subsection 3.4. In section 4, we study
the homotopy type of FG1
d
(M,k) and FGn
d
(M, 2) with giving the proofs of Theo-
rems 1.3 and 1.4. As an application of Theorem 1.4, we prove Theorems 1.5 and 1.6
in section 5. In section 6, we compute the integral homology of FG2
d
(M, 2) and the
(mod 2) homology of FGn
d
(M, 2) for the Gnd -manifold M over an n-simplex. The
Mayer–Vietoris spectral sequence will be one of major tools for our computations
and so we give a review on the Mayer-Vietoris spectral sequence in section 7 as an
appendix.
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2. Gnd -manifolds and (real) moment-angle manifolds over simple
convex polytopes and their orbit configuration spaces
2.1. Gnd -manifolds and (real) moment-angle manifolds over simple convex
polytopes. Following [DJ], let P be a simple convex n-polytope, and let Gnd be the
2-torus Zn2 of rank n if d = 1, and the torus T
n of rank n if d = 2. A dn-dimensional
Gnd -manifold over P , πd : M −→ P , is a smooth closed dn-dimensional manifold M
with a locally standard Gnd -action such that the orbit space is P . A G
n
d -manifold
πd : M −→ P is called a small cover if d = 1 and a quasi-toric manifold if d = 2.
We know from [DJ] that each Gnd -manifold π :M −→ P determines a characteristic
function λd on P , defined by mapping all facets (i.e., (n− 1)-dimensional faces) of
P to nonzero elements of Rnd such that n facets meeting at each vertex are mapped
to a basis of Rnd where Rd =
{
Z2 if d = 1
Z if d = 2.
Conversely, the pair (P, λd) can be
reconstructed to the M as follows: first λd gives the following equivalence relation
∼λd on P ×G
n
d
(2.1) (x, g) ∼λd (y, h)⇐⇒
{
x = y, g = h if x ∈ int(P )
x = y, g−1h ∈ GF if x ∈ intF ⊂ ∂P
then the quotient space P × Gnd/ ∼λd is equivariantly homeomorphic to the M ,
where GF is explained as follows: for each point x ∈ ∂P , there exists a unique
face F of P such that x is in its relative interior. If dimF = l, then there are
n − l facets, say Fi1 , ..., Fin−l , such that F = Fi1 ∩ · · · ∩ Fin−l , and furthermore,
λd(Fi1), ..., λd(Fin−l) determine a subgroup of rank n − l in G
n
d , denoted by GF .
This reconstruction ofM tells us that any topological invariant of πd :M −→ P can
be determined by (P, λd). Davis and Januszkiewicz showed that πd :M −→ P has a
very beautiful algebraic topology in terms of (P, λd). For example, the equivariant
cohomology with Rd coefficients of πd : M −→ P is isomorphic to the Stanley–
Reisner face ring of P , and the mod 2 Betti numbers (bZ20 , b
Z2
1 , ..., b
Z2
n ) of M for
d = 1 and the Betti numbers (b0, b2, ..., b2n) of M for d = 2 agree with the h-vector
(h0, h1, ..., hn) of P .
In addition, associated with a simple convex n-polytope P withm facets F1, ..., Fm,
Davis and Januszkiewicz also introduced a Gmd -manifold ZP,d of dimension (d −
1)m+ n over P as follows: first define a map θd : {F1, ..., Fm} −→ Rmd by mapping
Fi 7−→ ei where {e1, ..., em} is the standard basis of Rmd , and then use θd to give an
equivalence relation ∼θd on P ×G
m
d as in (2.1), so that the required G
m
d -manifold
ZP,d is just the quotient P × Gmd / ∼θd with a natural G
m
d -action having orbit
space as P . Later on, Buchstaber and Panov [BP] further studied the topology of
ZP,d as a submanifold in the polydisk (D
d)×m, and named it a real moment-angle
manifold for d = 1 and a moment-angle manifold for d = 2. Note that a real
moment-angle manifold and a moment-angle manifold are often denoted by RZP
and ZP , respectively.
As pointed out in [DJ, Nonexample 1.22], given a simple convex n-polytope P
with n > 3, there may not exist any Gnd -manifold over P . However, there always
exists a (real) moment-angle manifold over P .
When P admits a characteristic function λd (so there is a G
n
d -manifold M
dn
over P reconstructed by (P, λd)), regarding R
m
d as a free module generated by
{F1, ..., Fm}, the map λd may linearly extend to a surjection λ˜d : R
m
d −→ R
n
d .
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Then the kernel of λ˜d determines a subgroup H of rank m − n of Gmd , which can
freely act on ZP,d such that the quotient manifold ZP,d/H is exactly equivariantly
homeomorphic to the Gnd -manifoldM
dn. Thus, the natural projection ρd : ZP,d −→
Mdn is a fibration with fiber Gm−nd . Davis and Januszkiewicz showed in [DJ] that
the Borel constructionsEGmd ×Gmd ZP,d and EG
n
d×GndM
dn are homotopy-equivalent.
For more details of these equivariant manifolds above with many interesting
developments and applications, e.g., see [DJ, BP, BBCG, CL, CMS, CPS, IFM,
LT, LY, M, MS, U].
2.2. Basic constructions and properties of orbit configuration spaces of
Gnd -manifolds and (real) moment-angle manifolds. Let πd : M −→ P be a
dn-dimensional Gnd -manifold over a simple convex polytope P . Then the product
π×kd : M
×k −→ P×k is also a dkn-dimensional (Gnd )
×k-manifold over a simple
convex polytope P×k.
Definition 2.2.1. Set
∆˜(P×k) =
⋃
1≤i<j≤k
∆i,j(P
×k)
where ∆i,j(P
×k) = {(p1, p2, ..., pk) ∈ P×k|pi = pj}. We call ∆˜(P×k) the weak
diagonal of P×k. Set
∆(P×k) = {(p, ..., p) ∈ P×k|p ∈ P},
which is called the strong diagonal of P×k.
By definition, we have that F (P, k) = P×k − ∆˜(P×k). By the constructions
of M , we see that FGn
d
(M,k) is the pullback from π×kd : M
×k −→ P×k via the
inclusion F (P, k) →֒ P×k. So there is the following commutative diagram:
FGn
d
(M,k) −−−−→ M×k
π
×k
d
y yπ×kd
F (P, k) −−−−→ P×k.
We see easily that FGn
d
(M,k) ⊂ M×k is a non-free orbit configuration space, and
admits an action of (Gnd )
×k such that the orbit space is exactly F (P, k).
Proposition 2.1. Let πd : M −→ P be a dn-dimensional Gnd -manifold over a
simple convex polytope P . Then
FGn
d
(M,k) =
⋂
1≤i<j≤k
(M×k − (π×kd )
−1(∆i,j(P
×k))).
Proof. The required result follows by using the De Morgan formula. 
Remark 2.1. In Proposition 2.1, eachM×k− (π×kd )
−1(∆i,j(P
×k)) is homeomorphic
to M×(k−2) × FGn
d
(M, 2).
Remark 2.2. Let M −→ P be a quasi-toric manifold over P . As shown in [DJ,
Corollary 1.9], there is a conjugation involution τ on M such that its fixed point
set M τ is exactly a small cover over P . This means that there is still an involution
on FTn(M,k) such that its fixed point set is FZn2 (M
τ , k).
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Let pd : ZP,d −→ P be the (real) moment-angle manifold over P with m facets.
Similarly, we see from the constructions of ZP,d that FGm
d
(ZP,d, k) admits an action
of (Gmd )
×k and is the pullback from p×kd : Z
×k
P,d −→ P
×k via the inclusion F (P, n) →֒
P×n, so there is a commutative diagram
FGm
d
(ZP,d, k) −−−−→ Z
×k
P,d
p
×k
d
y yp×kd
F (P, k) −−−−→ P×k.
Thus we have that
FGm
d
(ZP,d, k) =
⋂
1≤i<j≤k
(Z×kP,d − (p
×k
d )
−1(∆i,j(P
×k))).
If we assume that there exists a Gnd -manifold πd : M −→ P over P , then we
know that ZP,d is a principal G
m−n
d -bundle over M , denoted by ρd : ZP,d −→ M .
Then we have that pd = πd ◦ ρd. Furthermore, we have the following commutative
diagram:
FGm
d
(ZP,d, k) −−−−→ Z
×k
P,d
ρ
×k
d
y yρ×kd
FGn
d
(M,k) −−−−→ M×k
π
×k
d
y yπ×kd
F (P, k) −−−−→ P×k.
Since ρ×kd : FGmd (ZP,d, k) −→ FGnd (M,k) is a pull-back via the inclusion FGnd (M,k) →֒
M×k, it is a fibration with fiber (Gm−nd )
×k. In the same way as in [DJ, 4.1] and [BP,
Proposition 6.34], we have the following homotopy-equivalent Borel constructions
E(Gmd )
×k ×(Gm
d
)×k FGmd (ZP,d, k) ≃ E(G
n
d )
×k ×(Gn
d
)×k FGnd (M,k).
Thus we conclude that
Proposition 2.2. Given a simple convex n-polytope P with m facets, assume
that πd : M −→ P is a Gnd -manifold over P . Let pd : ZP,d −→ P be the (real)
moment-angle manifold over P . Then the equivariant cohomologies of FGn
d
(M,k)
and FGm
d
(ZP,d, k) are isomorphic, i.e.,
H∗(Gn
d
)×k(FGnd (M,k))
∼= H∗(Gm
d
)×k(FGmd (ZP,d, k)).
3. Euler characteristic of FGn
d
(M,k)
The objective of this section is to calculate the Euler characteristic χ(FGn
d
(M,k))
for a dn-dimensional Gnd -manifold πd :M −→ P .
3.1. Euler characteristic of union–the inclusion-exclusion principle. Sup-
pose that X1, ..., XN are CW-complexes such that all their possible nonempty in-
tersections are subcomplexes of X1 ∪ · · · ∪XN . Let ∆N−1 be the abstract (N − 1)-
simplex on vertex set [N ] = {1, ..., N}, i.e., ∆N−1 = 2[N ] (the power set of [N ]).
For each a ∈ 2[N ], set
Xa =
{⋂
i∈aXi if a 6= ∅⋃N
i=1Xi if a = ∅.
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Since each pair (Xi, Xj) is an excisive couple of Xi ∪ Xj , we have the following
well-known formula for euler characteristics.
Proposition 3.1 (Inclusion-exclusion principle).
χ(X∅) =
∑
a∈2[N ]
a6=∅
(−1)|a|−1χ(Xa).
3.2. The h-polynomial and the cell-vector of P . Let P be a simple convex
n-polytope. The f -vector of P is an integer vector (f0, f1, ..., fn−1), where fi is
the number of faces of P of codimension i+ 1 (i.e., of dimension n− i − 1). Then
the h-vector of P is the integer vector (h0, h1, ..., hn) defined from the following
equation
(3.1) h0 + h1t+ · · ·+ hnt
n = (t− 1)n + f0(t− 1)
n−1 + · · ·+ fn−2(t− 1) + fn−1.
The f -vector and the h-vector determine each other by Equation (3.1).
Let hP (t) = h0 + h1t + · · · + hntn be a polynomial in Z[t]. We call hP (t) the
h-polynomial of P . Given a finite CW-complex X of dimension l, the cell–vector
c(X) of X is the integer vector (c0, c1, ..., cl) where ci denotes the number of all
i-cells in X . Each simple convex n-polytope P has a natural cell decomposition
such that the interior intF of an i-face F of P is an i-cell. Thus,
c(P ) = (fn−1, fn−2, ..., f1, f0, 1)
where f(P ) = (f0, f1, ..., fn−1) is the f -vector of P .
Lemma 3.2. Let πd : M −→ P be a dn-dimensional Gnd -manifold over a simple
convex n-polytope P . Then for a positive integer ℓ, the Euler characteristic of
(π×ℓd )
−1(∆(P×ℓ)) is
χ((π×ℓd )
−1(∆(P×ℓ))) =
{
hP (1 − 2ℓ) if d = 1
hP (1) = χ(M) if d = 2.
Proof. Fix the cell decomposition of P as above such that its cell-vector c(P ) =
(fn−1, fn−2, ..., f1, f0, 1). Let F be a face of dimension i. By [DJ, Lemma 1.3], we
know that π−1d (F ) is still a di-dimensional G
i
d-manifold over F , and in particular,
π−1d (intF ) = G
i
d × intF . When d = 1, π
−1
1 (intF ) is the disjoint union of 2
i copies
of intF . Since the strong diagonal ∆(F×ℓ) is combinatorially equivalent to F ,
(π×ℓ1 )
−1(∆((intF )×ℓ)) is the disjoint union of 2iℓ copies of ∆((intF )×ℓ). Thus, the
cell–vector of (π×ℓ1 )
−1(∆(P×ℓ)) is
(fn−1, 2
ℓfn−2, ..., 2
iℓfn−i−1, ..., 2
(n−2)ℓf1, 2
(n−1)ℓf0, 2
nℓ).
Furthermore,
χ((π×ℓ1 )
−1(∆(P×ℓ)))
=fn−1 − 2
ℓfn−2 + · · ·+ (−1)
i2iℓfn−i−1 + · · ·+ (−1)
n−12(n−1)ℓf0 + (−1)
n2nℓ
=hP (1− 2
ℓ)
by Equation (3.1). When d = 2, we see easily that (π×ℓ2 )
−1(∆((intF )×ℓ)) = T iℓ ×
∆((intF )×ℓ). Now, for i > 0, we give a cell decomposition for each circle S1 in T iℓ,
with one 0-cell and one 1-cell. Then (π×ℓ2 )
−1(∆((intF )×ℓ)) contains
(
iℓ
j
)
cells of
dimension-(i+ j) for 0 ≤ j ≤ iℓ. Thus, all i-cells of P contribute
(
iℓ
j
)
fn−i−1 cells of
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dimension-(i+ j) in (π×ℓ2 )
−1(∆(P×ℓ)) where 0 ≤ j ≤ iℓ. Since
∑iℓ
j=0(−1)
j
(
iℓ
j
)
= 0
for every i > 0, by a direct calculation we have
χ((π×ℓ2 )
−1(∆(P×ℓ))) = fn−1 = hP (1) = χ(M)
as desired. 
3.3. Subgraphs of Kk and partitions of k and [k]. Let Kk be the complete
graph of degree k−1, which contains k vertices and
(
k
2
)
edges. We label k vertices of
Kk by 1, ..., k respectively, and
(
k
2
)
edges by pairs (i, j), 1 ≤ i < j ≤ k, respectively.
Thus we may identify Kk with the 1-skeleton of the abstract (k − 1)-simplex ∆k−1
on vertex set [k] = {1, ..., k}. Obviously, ∆k−1 = 2[k], the power set of [k].
Definition 3.3.1. A subgraph Γ of Kk is said to be vertex-full if the vertex set of
Γ is [k].
By VF(Kk) we denote the set of all vertex-full subgraphs of Kk.
Lemma 3.3. There is a one-to-one correspondence between all subsets of the power
set 2[[k]] and all vertex-full subgraphs of VF(Kk), where [[k]] = {(i, j)|1 ≤ i < j ≤
k}.
Proof. Each vertex-full subgraph Γ of Kk uniquely determines a subset E(Γ) of
2[[k]], where E(Γ) denotes the set of all edges of Γ. Note that the discrete subgraph
[k] of Kk corresponds to the empty set ∅ of 2[[k]]. Conversely, let the empty set ∅
of 2[[k]] correspond to the discrete subgraph [k] of Kk. Each nonempty subset of
2[[k]] determines a unique subgraph Γ of Kk. If the vertex set of Γ does not cover
[k], then we can add those missing vertices as one-point subgraphs to Γ to give the
required vertex-full subgraph of Kk. 
Definition 3.3.2. Given a vertex-full subgraph Γ in VF(Kk), define
∆Γ(P
×k) =
{⋂
(i,j)∈E(Γ)∆i,j(P
×k) if E(Γ) 6= ∅
P×k if E(Γ) = ∅
where E(Γ) denotes the set of all edges of Γ. Generally, Γ may not be connected. By
C(Γ) we denote the set of all connected subgraphs of Γ. Write C(Γ) = {Γ1, ...,Γs}.
Then Γ =
∐s
k=1 Γk (a disjoint union of Γ1, ...,Γs).
Lemma 3.4. Let Γ be a vertex-full subgraph in VF(Kk) with C(Γ) = {Γ1, ...,Γs}.
Then
∆Γ(P
×k) =
s∏
l=1
∆(P×|V (Γl)|)
where V (Γl) denotes the vertex set of Γl.
Proof. Obviously, if Γ = [k], then the required equality holds. Suppose that Γ 6= [k].
For each component Γl of Γ,
⋂
(i,j)∈E(Γl)
∆i,j(P
×k) is combinatorially equivalent to
P×(k−|V (Γl)|) ×∆(P×|V (Γl)|). Thus
∆Γ(P
×k) =
s⋂
l=1
⋂
(i,j)∈E(Γl)
∆i,j(P
×k) =
s∏
l=1
∆(P×|V (Γl)|)
as desired. 
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Recall that a partition of k is an unordered sequence (k1, ..., ks) of positive inte-
gers with sum k, and a partition of [k] is an unordered sequence of nonempty subsets
of [k] which are pairwise disjoint and whose union is [k]. Clearly, every vertex-full
subgraph Γ =
∐s
l=1 Γl of VF(Kk) gives a partition (|V (Γ1)|, ..., |V (Γs)|) of k, de-
noted by k(Γ). In addition, each vertex-full subgraph of VF(Kk) also determines
a partition (V (Γ1), ..., V (Γs)) of [k].
Lemma 3.5. Let I = (k1, ..., ks) be a partition of k. Then the number of those
combinatorially equivalent vertex-full subgraphs Γ with k(Γ) = I of VF(Kk) is
k!
k1! · · · ks!r1! · · · rs!
where ri denotes the number of times that ki appears in I.
Proof. Obviously, those combinatorially equivalent vertex-full subgraphs Γ with
k(Γ) = I of VF(Kk) bijectively correspond to those partitions (a1, ..., as) with
|al| = kl of [k]. The desired number then follows from an easy argument. 
3.4. Calculation of Euler characteristic. Now let us calculate χ(FGn
d
(M,k))
for a Gnd -manifold πd :M −→ P over a simple convex polytope P .
Definition 3.4.1. Let I = (k1, ..., ks) be a partition of k. Define
CI =
∑
Γ∈VF(Kk)
k(Γ)=I
(−1)|E(Γ)|.
Theorem 3.6. Let πd : M −→ P be a dn-dimensional Gnd -manifold over a simple
convex polytope. Then
χ(FGn
d
(M,k)) =
{
(−1)kn
∑
I=(k1,...,ks)
CI
∏s
l=1 hP (1− 2
kl) if d = 1
χ(F (M,k)) if d = 2
where I = (k1, ..., ks) runs over all partitions of k.
Proof. First, we calculate χ((π×kd )
−1(∆˜(P×k))) by Proposition 2.1. Since 2[[k]] is
combinatorially equivalent to 2[N ] where N =
(
k
2
)
, we have that
χ((π×kd )
−1(∆˜(P×k)))
=
∑
Γ=
∐s
l=1
Γl∈VF(Kk)
E(Γ)6=∅
(−1)|E(Γ)|−1χ((π×kd )
−1(∆Γ(P
×k))) (by Lemma 3.3 and Prop. 3.1)
=
∑
Γ=
∐s
l=1
Γl∈VF(Kk)
E(Γ)6=∅
(−1)|E(Γ)|−1χ((π×kd )
−1(
s∏
l=1
∆(P×|V (Γl)|))) (by Lemma 3.4)
=
∑
Γ=
∐s
l=1
Γl∈VF(Kk)
E(Γ)6=∅
(−1)|E(Γ)|−1
s∏
l=1
χ((π
×|V (Γl)|
d )
−1(∆(P×|V (Γl)|)))
=

∑
Γ=
∐s
l=1
Γl∈VF(Kk)
E(Γ)6=∅
(−1)|E(Γ)|−1
∏s
l=1 hP (1 − 2
|V (Γl)|) if d = 1∑
Γ=
∐s
l=1
Γl∈VF(Kk)
E(Γ)6=∅
(−1)|E(Γ)|−1χ(M)s if d = 2
(by Lemma 3.2.)
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Since each vertex-full subgraph Γ =
∐s
l=1 Γl of Kk corresponds to a unique partition
k(Γ) = (|V (Γ1)|, ..., |V (Γs)|) of k, we further have that
χ((π×kd )
−1(∆˜(P×k))) =
−
∑
I=(k1 ,...,ks)
I 6=(1,...,1)
CI
∏s
l=1 hP (1− 2
kl) if d = 1
−
∑
I=(k1 ,...,ks)
I 6=(1,...,1)
CIχ(M)
s if d = 2
where I runs over those partitions except for (1, ..., 1) of k. A direct calculation
gives that C(1,...,1) = 1, so
χ(M×k) =
{
C(1,...,1)
(
hP (−1)
)k
if d = 1
C(1,...,1)
(
hP (1)
)k
= C(1,...,1)χ(M)
k if d = 2
by Lemma 3.2.
Next, we conclude that
χ(FGn
d
(M,k))
=(−1)dkn
(
χ(M×k)− χ((π×kd )
−1(∆˜(P×k)))
)
(by Lefschetz duality theorem)
=
(−1)
kn
(
χ(M×k) +
∑
I=(k1,...,ks)
I 6=(1,...,1)
CI
∏s
l=1 hP (1− 2
kl)
)
if d = 1
χ(M×k) +
∑
I=(k1,...,ks)
I 6=(1,...,1)
CIχ(M)s if d = 2
=
{
(−1)kn
∑
I=(k1,...,ks)
CI
∏s
l=1 hP (1− 2
kl) if d = 1∑
I=(k1,...,ks)
CIχ(M)s if d = 2.
We can employs the above way to the non-equivariant case for d = 2, so that we
may obtain that
χ(F (M,k)) =(−1)2kn
(
χ(M×k)− χ(∆˜(M×k))
)
=χ(M×k)− χ(∆˜(M×k)
=
∑
I=(k1,...,ks)
CIχ(M)
s
=χ(FTn(M,k))
as desired. 
We know from [Mu] that the Lefschetz duality theorem holds for compact trian-
gulated homology manifolds. Thus, using the proof method of Theorem 3.6, we can
obtain the following formula for more general non-equivariant configuration spaces.
Theorem 3.7. Let M be a compact triangulated homology n-manifold. Then
χ(F (M,k)) = (−1)kn
∑
I
CIχ(M)
s
where I = (k1, ..., ks) runs over all partitions of k.
In Theorem 3.7, if we further write
χ(F (M,k)) = (−1)kn
∑
I
CIχ(M)
s = (−1)kn
k∑
s=1
( ∑
I=(k1,...,ks)
CI
)
χ(M)s
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then we see that χ(F (M,k)) is actually a polynomial (with Z coefficients) of χ(M)
of degree k. By g(t) we denote this polynomial in Z[t]. We first complete the proof
of Theorem 1.2.
Proof of Theorem 1.2. It suffices to show that g(t) = (−1)kn
∏k−1
l=0 (t − l). For
0 ≤ l < n, choose M as a set consisting of l points. Then M is a 0-dimensional
manifold if 0 < l < k, and a empty set (or −1-dimensional manifold) if l = 0. Thus
χ(M) =
{
l if 0 < l < k
0 if l = 0.
By using the pigeonhole principle, since l < k, we see that
F (M,k) = {(x1, · · · , xk) ∈M
×k|xi 6= xj for i 6= j}
must be empty, so χ(F (M,k)) = 0. This implies that g(l) = 0 for 0 ≤ l < k, and
thus each l is a root of g(t). Furthermore, we can write g(t) = (−1)knc
∏k−1
l=0 (t− l)
where c is a constant number. Since C(1,...,1) = 1, we conclude that c must be 1.
This completes the proof. 
Corollary 3.8.
C(k) = (−1)
k−1(k − 1)!.
Proof. This can be obtained by comparing the coefficients of χ(M) on both sides
of the following equality
k∑
s=1
(
∑
I=(k1,...,ks)
CI)χ(M)
s =
k−1∏
l=0
(χ(M)− l).

Finally, to complete the proof of Theorem 1.1, it remains to determine the num-
ber CI for every partition I of k.
Proposition 3.9. Let I = (k1, ..., ks) be a partition of k. Then
CI =
k!(−1)k−s
r1!r2! · · · rs!k1k2 · · · ks
where rl denotes the number of times that kl appears in I.
Proof. Let AI denote the set of those vertex-full subgraphs Γ with k(Γ) = I of
VF(Kk), all of which are not combinatorially equivalent to each other. Then we
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have that
CI =
∑
Γ∈VF(Kk)
k(Γ)=I
(−1)|E(Γ)|
=
k!
k1! · · · ks!r1! · · · rs!
∑
Γ=
∐s
l=1
Γl∈AI
|V (Γl)|=kl
s∏
l=1
(−1)|E(Γl)| (by Lemma 3.5)
=
k!
k1! · · · ks!r1! · · · rs!
s∏
l=1
∑
Γl
(−1)|E(Γl)|
=
k!
k1! · · · ks!r1! · · · rs!
s∏
l=1
C(kl)
=
k!
k1! · · · ks!r1! · · · rs!
s∏
l=1
(−1)kl−1(kl − 1)! (by Corollary 3.8)
=
k!(−1)k−s
r1!r2! · · · rs!k1k2 · · · ks
as desired. 
Example 1. By the formula of Theorem 1.1, we have that
χ(FZn2 (M, 2)) =
(
hP (−1)
)2
− hP (−3)
and
χ(FZn2 (M, 3)) = (−1)
3n
((
hP (−1)
)3
− 3hP (−1)hP (−3) + 2hP (−7)
)
where M is a small cover over P .
Corollary 3.10. Given a simple convex n-polytope P with m facets, assume that
there exists a small cover over P . Then
χ(FZm2 (ZP,1, k)) = (−1)
kn2(m−n)k
∑
I=(k1,...,ks)
k!(−1)k−s
r1!r2! · · · rs!k1k2 · · · ks
s∏
l=1
hP (1− 2
kl)
where I = (k1, ..., ks) runs over all partitions of k, and rl is the number of times
that kl appears in I.
Proof. LetM be a small cover over P . Then FZm2 (ZP,1, k) is a principal (Z
m−n
2 )
×k-
bundle over FZn2 (M,k). By [AP, p. 86, (1.5)(d)] we have that
χ(FZm2 (ZP,1, k)) = |(Z
m−n
2 )
×k|χ(FZn2 (M,k)).
Moreover, the required result follows from Theorem 1.1. 
Remark 3.1. It should be interesting to give an explicit formula of χ(FZm2 (ZP,1, k))
without the existence assumption of a small cover over P in Corollary 3.10.
Proposition 3.11. Let P be a simple convex polytope with m facets. Then
χ(FTm (ZP,2, k)) = 0.
Proof. We know from [BP, Proposition 7.29] that the diagonal circle subgroup of
Tm acts freely on ZP,2, so the diagonal circle subgroup of (Tm)×k also acts freely
on FTm(ZP,2, k). Therefore, FTm(ZP,2, k) admits a principal S1-bundle structure,
which induces that χ(FTm(ZP,2, k)) = 0 by [AP, p. 86, (1.5)(c)]. 
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Remark 3.2. Buchstaber and Panov [BP] expanded the construction of ZP,d over
a simple convex polytope P to the case of general simplicial complex K. The
resulting space denoted by ZK,d is not a manifold in general, called the (real)
moment-angle complex. When d = 2, ZK,2 still admits a principal S1-bundle
structure, so the Euler characteristic of its orbit configuration space is zero. It
should be also interesting to give an explicit formula for the Euler characteristic of
the orbit configuration space of ZK,1 in terms of the combinatorial data of K. In
addition, it was showed in [CL, U] that the Halperin-Carlsson conjecture holds for
ZK,d with the restriction free action. Naturally, we wish to know whether this is
also true for the orbit configuration space of ZK,d.
4. Homotopy type of FGn
d
(M,k) for n = 1 or k = 2
Throughout the following, assume that πd : M −→ P is a dn-dimensional Gnd -
manifold over a simple convex n-polytope P . We see easily that F (P, k) is dis-
connected if n = 1 and path-connected if n > 1 since ∆(P×2) is combinatorially
equivalent to P .
4.1. Homotopy type of FG1
d
(M,k).
Theorem 4.1. Let πd : M −→ P be a d-dimensional G1d-manifold over P . Then,
when d = 1, FZ2(M,k) has the same homotopy type as k!2
k−2 points, and when
d = 2, FS1(M,k) has the same homotopy type as a disjoint union of k! copies of
T k−2.
Proof. It is well-known that when d = 1, M is a circle S1 with a reflection fixing
two isolated points such that the orbit polytope P is a 1-dimensional simplex, and
when d = 2, M is a 2-sphere S2 with a rotation action of S1, fixing two isolated
points, such that the orbit polytope P is also a 1-dimensional simplex. Since a
1-simplex is homeomorphic to the interval [0, 1], we may identify P×k with the
cube [0, 1]×k. We then see that each point x = (x1, ..., xk) ∈ F (P, k) ⊂ [0, 1]×k
determines a unique permutation (σ(1), ..., σ(k)) of [k] such that xi < xj as long as
σ(i) < σ(j), where σ ∈ Sk, and Sk is the symmetric group on [k]. In particular, all
points on the path
(
(1 − t)x1 + t
σ(1)−1
k−1 , ..., (1 − t)xk + t
σ(k)−1
k−1
)
, 0 ≤ t ≤ 1, are in
F (P, k), and they also determine the unique permutation (σ(1), ..., σ(k)) of [k]. If
x and x′ are two different points in F (P, k) such that they determine two different
permutations σ, σ′ in Sk, then there must be no path from x to x
′ in F (P, k) since
any path from x to x′ in P×k always passes the point of the form (y1, ..., yk) with
some yi = yj for i 6= j. Define a homotopy H : F (P, k)× [0, 1]→ F (P, k) by
((x1, .., xk), t) 7−→
(
(1 − t)x1 + t
σ(1)− 1
k − 1
, ..., (1 − t)xk + t
σ(k)− 1
k − 1
)
.
Then we have that this homotopy H is a deformation retraction of F (P, k) onto
k! points in A =
{
(σ(1)−1
k−1 , ...,
σ(k)−1
k−1 )
∣∣σ ∈ Sk} ⊂ F (P, k). This means that
F (P, k) contains k! connected components Cσ, σ ∈ Sk, each of which may con-
tinuously collapse to a point in A. For each σ, since 0, 1 ∈ {σ(1)−1
k−1 , ...,
σ(k)−1
k−1 } and
{σ(1)−1
k−1 , ...,
σ(k)−1
k−1 } − {0, 1} is in the open interval (0, 1), Cσ has also the defor-
mation retract Rσ that is homeomorphic to a (k − 2)-dimensional open ball Bσ in
F (P, k), and is contained in ∂P×k. Therefore, each Rσ can be chosen in the interior
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of an (k − 2)-face in P×k, so by [DJ, Lemma 4.1],
(π×kd )
−1(Rσ) = G
k−2
d ×Rσ =
{
Zk−22 ×Rσ if d = 1
T k−2 ×Rσ if d = 2
which is homotopic to 2k−2 points if d = 1 and T k−2 if d = 2. This completes the
proof. 
4.2. An equivariant strong deformation retract of FGn
d
(M, 2) with n > 1.
Let F(P ) denote the set of all faces of P .
Lemma 4.2. There is a strong deformation retraction Ω : F (P, 2)×[0, 1]→ F (P, 2)
of F (P, 2) onto
A(P, 2) =
⋃
F1,F2∈F(P )
F1∩F2=∅
F1 × F2.
Proof. First, we note that F (P, 2) = P×P−∆(P×P ) is path-connected since n > 1
and dim∆(P × P ) = dimP . Actually, F (P, 2) is homotopic to Sn−1 (see [Co1]).
Since ∆(P ×P ) always contains interior points of P ×P , we have that F (P, 2) can
continuously collapse onto ∂(P×P )−∆(P×P ). Since ∂(P×P ) = ∂P×P∪P×∂P ,
in a similar way as above, we can obtain that both ∂P × P and P × ∂P can
further continuously collapse onto ∂P × ∂P − ∆(∂P × ∂P ). Now we see that
∂P × ∂P −∆(∂P × ∂P ) is the union of subsets of the following forms
F × F −∆(F × F ), F × F ′ −∆(∂P × ∂P ), F × F ′′
where F, F ′, F ′′ are facets of P with F ∩ F ′ 6= ∅ and F ∩ F ′′ = ∅, and further we
also see that F × F ′ − ∆(∂P × ∂P ) can be continuously shrunk to the union of
subsets of the following forms
(F ∩ F ′)× (F ∩ F ′)−∆((F ∩ F ′)×2), Q× (F ∩ F ′)−∆(∂P × ∂P ),
(F ∩ F ′)×Q′ −∆(∂P × ∂P ), Q1 ×Q
′
1
where Q and Q1 are facets of F , Q
′ and Q′1 are facets of F
′, such that Q×(F ∩F ′) 6=
∅, (F ∩ F ′) × Q′ 6= ∅, and Q1 ∩ Q′1 = ∅. We continuous the above process to
F ×F −∆(F ×F ), (F ∩F ′)×(F ∩F ′)−∆((F ∩F ′)×2), Q×(F ∩F ′)−∆(∂P ×∂P ),
(F ∩F ′)×Q′−∆(∂P × ∂P ), and further repeat it whenever possible. This process
must end after a finite number of steps, giving finally that F (P, 2) is homotopic to
the union
⋃
F1×F2∈F(P )
F1∩F2=∅
F1 × F2. In particular, we also see that this shrinking of
F (P, 2) leaves all points of
⋃
F1×F2∈F(P )
F1∩F2=∅
F1 × F2 fixed, and for each face Q×Q′ ⊂
F (P, 2) of P×2 with Q ∩Q′ 6= ∅, there exists a sequence of faces in P × P
Q×Q′ ⊇ Q1 ×Q
′
1 ⊃ · · · ⊃ Ql−1 ×Q
′
l−1 ⊃ Ql ×Q
′
l
with Qi ∩ Q′i 6= ∅ for i = 1, ..., l − 1 and Ql ∩ Q
′
l = ∅. This means that there
is a strong deformation retraction Ω : F (P, 2) × [0, 1] → F (P, 2) of F (P, 2) onto⋃
F1×F2∈F(P )
F1∩F2=∅
F1 × F2. 
Remark 4.1. Because F (P, 2) has the homotopy type of Sn−1, A(P, 2) has also the
same homotopy type as Sn−1.
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Theorem 4.3. There is an equivariant strong deformation retraction of FGn
d
(M, 2)
onto
Xd(M) =
⋃
F1,F2∈F(P )
F1∩F2=∅
(π−1d )
×2(F1 × F2).
Proof. SinceM = P×Gnd/ ∼λd , we have that FGnd (M, 2) = F (P, 2)×G
2n
d / ∼λd×λd ,
and Xd(M) = A(P, 2) × G2nd / ∼λd×λd , so there is a natural inclusion Xd(M) →֒
FGn
d
(M, 2). For the strong deformation retraction Ω : F (P, 2) × [0, 1]→ F (P, 2) in
Lemma 4.2, it may be lifted naturally to a strong deformation retraction
Ω˜ : F (P, 2)×G2nd × [0, 1]→ F (P, 2)×G
2n
d
by mapping (a, g, t) to (Ω(a, t), g). Now assume that two points (a, g) and (a, g′) of
F (P, 2)×G2nd satisfy (a, g) ∼λd×λd (a, g
′).
Claim A. Ω˜(a, g, t) = (Ω(a, t), g) ∼λd×λd (Ω(a, t), g
′) = Ω˜(a, g′, t).
If a ∈ int(P×2), then, by the construction of M , g = g′. It follows that
Ω˜(a, g, t) = Ω˜(a, g′, t), so (Ω(a, t), g) ∼λd×λd (Ω(a, t), g
′) regardless of whether
Ω(a, t) belongs to int(P×2) or not.
If a ∈ ∂(P×2), then a belongs to F × P or P × F ′ where F and F ′ are facets
of P . Without loss of generality, we merely consider the case of a ∈ F × P in the
following argument. Let σ(t) = Ω(a, t) be the path from Ω(a, 0) to Ω(a, 1). For
such a path σ, we see from the proof of Lemma 4.2 that there exists a sequence of
faces in F × P
F × P ⊇ Q1 ×Q
′
1 ⊃ · · · ⊃ Ql−1 ×Q
′
l−1 ⊃ Ql ×Q
′
l
with Qi ∩ Q′i 6= ∅ for i = 1, ..., l − 1 and Ql ∩ Q
′
l = ∅, such that σ(t) continuously
runs from σ(0) = Ω(a, 0) = a ∈ int(Q1 × Q′1) to σ(1) = Ω(a, 1) ∈ int(Ql × Q
′
l)
through
int(Q1 ×Q
′
1) ⊃ · · · ⊃ int(Ql−1 ×Q
′
l−1) ⊃ int(Ql ×Q
′
l).
Thus, by the definition of ∼λd×λd , we have that g
−1g′ ∈ GQ1 ×GQ′1 . On the other
hand, by the construction of M , we have the following sequence of subgroups of
G2nd
GQ1 ×GQ′1 < · · · < GQl−1 ×GQ′l−1 < GQl ×GQ′l
where GQ is the subgroup of G
n
d , determined by Q and the characteristic function
of P (see subsection 2.1). Note that GQi ×GQ′i = GQi×Q′i for all 1 ≤ i ≤ l by the
definition of ∼λd×λd . Furthermore, we have that g
−1g′ ∈ GQi×Q′i for all 1 ≤ i ≤ l.
Thus, (Ω(a, t), g) ∼λd×λd (Ω(a, t), g
′).
Moreover, we conclude by Claim A that Ω˜ descends to an equivariant strong
deformation retraction of FGn
d
(M, 2) onto Xd(M). 
Corollary 4.4. The equivariant cohomologies of FGn
d
(F, 2) and Xd(M) are iso-
morphic, i.e.,
H∗G2n
d
(FGn
d
(F, 2)) ∼= H∗G2n
d
(Xd(M)).
Proof. Let Υ : FGn
d
(F, 2)× [0, 1] −→ FGn
d
(F, 2) be the equivariant strong deforma-
tion retraction of FGn
d
(F, 2) onto Xd(M). Consider the following equivariant lifting
of Υ
Υ˜ : EG2nd × FGnd (F, 2)× [0, 1] −→ EG
2n
d × FGnd (F, 2)
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by mapping (x, y, t) to (x,Υ(y, t)). This lifting Υ˜ descends to a deformation retrac-
tion
EG2nd ×G2nd FG
n
d
(F, 2)× [0, 1] −→ EG2nd ×G2nd FG
n
d
(F, 2)
of EG2nd ×G2nd FG
n
d
(F, 2) onto EG2nd ×G2nd Xd(M), which induces the required result.

4.3. The simplicial complex KP associated to Xd(M). By the intersection
property of all (π−1d )
×2(F1 × F2), F1, F2 ∈ F(P ) with F1 ∩ F2 = ∅, in the way
as shown in section 7, Xd(M) can determine a simplicial complex KP , which is
exactly the dual cell decomposition of A(P, 2) as a polyhedron since the dual cell
decomposition of each simple convex polytope is a simplicial complex. KP only
depends upon the combinatorial structure of P . Actually, KP can also be directly
determined by the intersection property of all faces F1 × F2 with F1 ∩ F2 = ∅ in
P×2, where F1, F2 ∈ F(P ).
Specifically, let B(P ) be the set consisting of all faces F1 × F2 with F1 ∩ F2 = ∅
in P×2 where F1, F2 ∈ F(P ), such that each face in B(P ) is not a proper face of
other faces in B(P ). Then we have that
A(P, 2) =
⋃
B∈B(P )
B.
Now the associated simplicial complex KP is defined as follows: regard B(P ) as the
vertex set of KP , and a simplex of KP is a subset {B1, ..., Br} of B(P ) such that
the intersection ∩ri=1Bi is nonempty.
Example 2. Let P (m) be anm-polygon with facets F1, ..., Fm and vertices v1, ..., vm,
as shown in the following diagram:
Fm
F1 v1
F2
v2
F3
v3
F4
F5
v5
v4
vm
Now let us look at the simplicial complex KP (m) dual to A(P, 2). KP (3) is a 6-
polygon with vertices v1 × F3, v2 × F1, v3 × F2, F1 × v2, F2 × v3, F3 × v1, KP (4) is
a 4-polygon with four vertices F1 × F3, F2 × F4, F3 × F1, F4 × F2, and KP (5) is a
2-dimensional simplicial complex with 10 vertices. Actually KP (5) is exactly an
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annuls as shown in the following diagram:
F1 × F4
F5 × F3
F2 × F4
F3 × F5
F2 × F5
F4 × F1
F5 × F2
F1 × F3
F4 × F2 F3 × F1
In general, when m > 5, KP (m) is a 3-dimensional simplicial complex with vertex
set {Fi × Fj |Fi ∩ Fj = ∅} such that there are 3-dimensional simplices of the form
{Fi × Fj , Fi+1 × Fj , Fi × Fj+1, Fi+1 × Fj+1}
where Fi+1 will be F1 if i = m, and Fj+1 will be F1 if j = m, and some additional
2-dimensional simplices of the form
{Fi × Fi+2, Fi × Fi+3, Fi+1 × Fi+3} or {Fi+2 × Fi, Fi+3 × Fi, Fi+3 × Fi+1}
where Fi+2 will be F1, F2 if i = m − 1,m and Fi+3 will be F1, F2, F3 if i = m −
2,m − 1,m. Obviously, KP (m) contains m(m − 3) vertices. We also know from
Remark 4.1 that KP (m) is homotopic to a circle.
4.4. Examples for the homotopy types of FGn
d
(M, 2). Now let us look at the
case n = 2. In this case, P is a polygon. Based upon Example 2, we have that
(1) When P is a 3-polygon, we have that FZ22(M, 2) has the homotopy type of
the following 1-dimensional simplicial complex
and FT 2(M, 2) has the homotopy type of a 2-dimensional simplicial complex
produced by replacing six circles of the above complex by six 2-spheres.
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(2) When P is a 4-polygon, we have that FZ22(M, 2) has the homotopy type of
the following 2-dimensional simplicial complex
and FT 2(M, 2) has the homotopy type of a 4-dimensional simplicial complex
produced by replacing four tori of the above complex by four copies of
S2 × S2.
(3) When P is a 5-polygon, we have that FZ22(M, 2) has the homotopy type of
The resulting space is obtained by gluing same colored circles together
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and FT 2(M, 2) has the homotopy type of a 4-dimensional simplicial complex
produced by replacing all tori and circles of the above complex by S2 × S2
and S2 respectively.
5. The homology of FGn
d
(M, 2)
Throughout the following, assume that πd : M
dn −→ Pn is a dn-dimensional
Gnd -manifold over a simple convex polytope P .
5.1. The Mayer–Vietoris spectral sequence of FGn
d
(M, 2). Recall that KP
is the simplicial complex associated to Xd(M), and it indicates the intersection
property of submanifolds of {(π−1d )
×2(F1 × F2)|F1, F2 ∈ F(P ) with F1 ∩ F2 = ∅}
in Xd(M). Then we know from section 7 that Xd(M) with KP together can be
associated to a Mayer–Vietoris spectral sequence with Z coefficients, denoted by
E1p,q(KP , d), ..., E
∞
p,q(KP , d). Here we call it the Mayer–Vietoris spectral sequence
of FGn
d
(M, 2). Then we have that (also see Theorem 7.3 in Section 7)
Theorem 5.1. The Mayer–Vietoris spectral sequence
{E1p,q(KP , d), ..., E
∞
p,q(KP , d)}
of FGn
d
(M, 2) converges to H∗(FGn
d
(M, 2)), i.e.,
Hi(FGn
d
(M, 2)) ∼=
∑
p+q=i
E∞p,q(Kp, d).
5.2. Relation between Ep,q(KP , 1) and Ep,q(KP , 2). Davis and Januszkiewicz
showed in [DJ, Theorem 3.1] that the Betti numbers (mod 2 Betti numbers for
d = 1) of the Gnd -manifold πd : M
dn −→ Pn only depend upon the combinatorics
(more precisely, the h-vector) of Pn. Specifically, there is a height function φ on
Pn ⊂ Rn defined by φ(x) =< x,w > where w is tangent to no proper face of
Pn. This height function φ determines a perfect cell decomposition of Mdn in the
sense of Morse theory, and gives a 1-1 correspondence between all di-dimensional
perfect cells ev of M
dn and all vertices v of index i. The closure of every di-
dimensional perfect cell ev can be used as a generator of Hdi(M
dn;Rd), and we
denote this associated generator of Hdi(M
dn;Rd) by γd(v, P ). In particular, when
v runs over all vertexes of index i, all γd(v, P ) form a basis of Hdi(M
dn;Rd). In
addition, when d = 2, Hodd(M
2n;Z) = 0 and H2i(M
2n;Z) is a free abelian group
so dimH2i(M
2n;Z2) is equal to the rank of H2i(M
2n;Z). For convenience, we still
denote the generators of H2i(M
2n;Z2) by those γ2(v, P ). Thus there is a natural
isomorphism
(5.1) ζ : Hi(M
n;Z2) −→ H2i(M
2n;Z2)
by mapping γ1(v, P ) to γ2(v, P ).
Now let F l be a l-face of Pn and η : F l →֒ Pn be the natural imbedding. By
π−1d η : π
−1
d (F
l) →֒ π−1d (P
n) = Mdn we denote the pull-back of η via π−1d . Note
that π−1d (F
l) −→ F l is still a Gld-manifold (see [DJ, Lemma 1.3]), so there is still
a natural isomorphism Hi(π
−1
1 (F
l);Z2) −→ H2i(π
−1
2 (F
l);Z2), also denoted by ζ.
Lemma 5.2. Let (π−1d η)∗ : H∗(π
−1
d (F
l);Z2) −→ H∗(π
−1
d (P
n);Z2) be the homo-
morphism induced by π−1d η. Then ζ is commutative with (π
−1
d η)∗, i.e.,
(π−12 η)∗ ◦ ζ = ζ ◦ (π
−1
1 η)∗.
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Proof. The restriction to F l of each height function on Pn gives a height function
on F l. We can always choose a height function φ on Pn such that the restric-
tion φ|F l to F
l possesses the property that for each vertex v of F l →֒ Pn, the
index ind(v, φ|F l) at v of φ|F l on F
l is equal to the ind(v, φ) at v of φ on Pn.
Then we see from the proof of [DJ, Theorem 3.1] that the perfect cell structure
of π−1d (F
l) determined by φ|F l agrees with that of π
−1
d (P
n) determined by φ. In
other words, as CW-complexes, π−1d (F
l) is a subcomplex of π−1d (P
n). This means
that (π−1d η)∗(γd(v, F )) = γd(v, P ). Furthermore, for every generator γ1(v, F ) of
Hi(π
−1
1 (F
l);Z2), we have
(π−12 η)∗ ◦ ζ(γ1(v, F )) = (π
−1
2 η)∗(γ2(v, F ))
= γ2(v, P ) = ζ(γ1(v, P )) = ζ ◦ (π
−1
1 η)∗(γ1(v, F )).
This complete the proof. 
From the equation (7.2) in Remark 7.1, we see that there is the following iso-
morphism
(5.2) E1p,q(KP , d)
∼=
⊕
a∈KP
dim a=p
Hq(X
d
a)
where Xda is the intersection of some submanifolds of the form (π
−1
d )
×2(F1 × F2),
F1, F2 ∈ F(Pn) with F1 ∩ F2 = ∅. Since the intersection of those faces of the form
F1 × F2 is still a face of Pn × Pn, we have that X1a is a small cover and X
2
a is a
quasitoric manifold, such that their orbit polytopes are the same. Thus, as shown
in (5.1), there is a natural isomorphism ζa : Hq(X
1
a ;Z2) −→ H2q(X
2
a ;Z2). Then
using all isomorphisms ζa, a ∈ KP with dim a = p, we induce an isomorphism
E1p,q(KP , 1)⊗ Z2 −→ E
1
p,2q(KP , 2)⊗ Z2
still denoted by ζ.
On the other hand, as shown in Remark 7.1, the differential d
(d)
1 onE
1
∗,dq(KP , d)⊗
Z2 can be explicitly described in terms of homomorphisms
ℓd : H∗(X
d
a ;Z2) −→ H∗(X
d
b ;Z2)
(induced by the the natural imbedding Xda →֒ X
d
b ) where b is a face of a and
a ∈ K. As we have seen before, Xda and X
d
b are small covers if d = 1 and quasitoric
manifolds if d = 2. Thus there are two faces Fa and Fb of P
n × Pn such that Fa
is a face of Fb, and the natural imbedding Fa →֒ Fb induces the natural imbedding
(π−1d )
×2(Fa) = X
d
a →֒ (π
−1
d )
×2(Fb) = X
d
b . Now we fix a height function Φ on P
n×
Pn as a simple convex polytope, such that the restrictions to Fa and Fb of this height
function give the perfect cell decompositions of Xda and X
d
b respectively, which are
compatible with the perfect cell decomposition of (π−1d )
×2(Pn × Pn) = (Mdn)×2
determined by Φ. Namely, every perfect cell of Xa is a perfect cell of Xb, and in
particular, all perfect cells ofXda andX
d
b are also perfect cells of (π
−1
d )
×2(Pn×Pn) =
(Mdn)×2. Therefore, if we use Xda and X
d
b to replace the π
−1
d (F
l) and π−1d (P
n) of
Lemma 5.2 respectively, then we have that ζ ◦ ℓ1 = ℓ2 ◦ ζ. Moreover, we have that
ζ ◦ d
(1)
1 = d
(2)
1 ◦ ζ
so ζ is a chain map between two chain complexes (E1(KP ; 1) ⊗ Z2,d
(1)
1 ) and
(E1(KP ; 2)⊗ Z2,d
(2)
1 ). Since ζ is an isomorphism, we conclude that
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Theorem 5.3. The chain isomorphism ζ induces the following isomorphism
E2p,q(KP , 1)⊗ Z2 ∼= E
2
p,2q(KP , 2)⊗ Z2.
5.3. Proof of Theorem 1.6. [DJ, Theorem 3.1] tells us that all perfect cells of
each quasi-toric manifold are of even dimension, so by (5.2) we have that E1p,q(KP , 2)
vanishes for odd q. This means that the differential
d(2)r : E
r
p,q(KP , 2) −→ E
r
p−r,q+r−1(KP , 2)
is a zero-homomorphism for r ≥ 2, so the Mayer–Vietoris spectral sequence of
FTn(M, 2) collapses at the E
2-term, and
Hi(FTm (M, 2)) ∼=
⊕
p+q=i
E2p,q(KP , 2).
This completes the proof. 
6. Calculation of the (mod 2) homology of FG2
d
(M, 2) and FGn
d
(M, 2)
for P an n-simplex
In this section, using Theorem 4.3 and the Mayer-Vietoris spectral sequence we
calculate the (mod 2) homology of FG2
d
(M, 2) and FGn
d
(M, 2) for P an n-simplex.
Our results are stated as follows:
Proposition 6.1. Let πd : M −→ P (m) be a 2d-dimensional G2d-manifold over
an m-polygon P (m). When m = 3, all nonzero Betti numbers of FZ22(M, 2) (resp.
FT 2(M, 2)) are
(b0, b1) = (1, 7) (resp. (b0, b1, b2) = (1, 1, 6));
when m > 3, all nonzero Betti numbers of FZ22(M, 2) (resp. FT 2(M, 2)) are
(b0, b1, b2) = (1, 2m+ 1,m(m− 3)) (resp. (b0, b1, b2, b4) = (1, 1, 2m,m(m− 3))).
In particular, the non-vanishing homology of FZ22(M, 2) is free abelian.
Remark 6.1. As we have seen in Proposition 6.1, we actually determine the in-
tegral homology of FZ22(M, 2). However, unlike 2-dimensional small covers, the
non-vanishing homology of FZ22(M, 2) has no torsion. In addition, unlike quasitoric
manifolds, odd-dimensional homology of FTn(M, 2) may be non-vanishing in gen-
eral. This can also be seen from the following proposition.
Proposition 6.2. Let πd : M −→ ∆n be a dn-dimensional Gnd -manifold over an
n-simplex ∆n. Then M is one of RPn,CPn or CP
n
(see [BP, Page 426]). When
d = 1, all nonzero mod 2 Betti numbers of FZn2 (RP
n, 2) are
(bZ20 , b
Z2
1 , ..., b
Z2
n−2, b
Z2
n−1) = (1, 2, ..., n− 1,
3n+1 + 2n− 3
4
).
When d = 2, all nonzero Betti numbers of FTn(CP
n, 2) are
(b0, b1, ..., bk, ..., b2n−2)
where bk =
{
k
2 + 1 + fk−n+1 if 2|k
fk−n+1 if 2 ∤ k
and fi =
∑i
s=0
(
n+1
s
)(
n−s−1
i−s
)
.
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6.1. The integral homology of FG2
d
(M, 2). Let πd : M −→ P (m) be a 2d-
dimensional G2d-manifold over an m-polygon P (m). Theorem 4.3 tells us that
FG2
d
(M, 2) is homotopic to
Xd(P (m)) =
{⋃
Fi∩Fj=∅
(π−1d )
×2(Fi × Fj) if m > 3⋃
vi∩Fj=∅
(π−1d )
×2(vi × Fj)
⋃⋃
Fi∩vj=∅
(π−1d )
×2(Fi × vj) if m = 3.
In Example 2, we have given an analysis on the structure of KP (m). For the
convenience of calculation, as shown in Section 7, we can choose a locally nice
subcomplex LP (m) of KP (m) in the use of the Mayer-Vietoris spectral sequence of
FG2
d
(M, 2) (for the notion of a locally nice subcomplex, see Defintion 7.0.1).
When m ≤ 5, take LP (m) = KP (m). When m ≥ 6, we take LP (m) in such a
way that LP (m) contains ∅ and all vertices of KP (m), and 2m(m− 4) 2-dimensional
simplices of the following forms
{Fi × Fj , Fi+1 × Fj , Fi+1 × Fj+1} and {Fi × Fj , Fi × Fj+1, Fi+1 × Fj+1}.
In this case, we may check that LP (m) is exactly an annulus, and it has m(3m−11)
1-simplices. For example, when m = 6, LP (6) is a 2-dimensional simplicial complex
as shown in the following picture:
F3 × F1
F1 × F3
F5 × F2
F6 × F3
F6 × F4
F3 × F5
F5 × F1
F1 × F4
F2 × F6
F4 × F2
F2 × F5
F6 × F2 F5 × F3
F4 × F1
F4 × F6
F2 × F4
F1 × F5
F3 × F6
With the above arguments together, we have
Lemma 6.3. When m ≤ 4, LP (3) is a 6-polygon and LP (4) is a 4-polygon. When
m ≥ 5, LP (m) is a triangulation of an annulus with m(m− 3) vertices, m(3m− 11)
1-simplices and 2m(m− 4) 2-simplices.
In the following discussion, by E1p,q(LP (m), d), ..., E
∞
p,q(LP (m), d) we denote the
Mayer-Vietoris spectral sequence determined by Xd(P (m)) with LP (m) together.
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Now, to complete the proof of Proposition 6.1, it suffices to show the following
result.
Proposition 6.4. Xd(P (3)) is a d-dimensional connected CW complex whose
nonzero Betti numbers are (b0, b1) = (1, 7) if d = 1 and (b0, b1, b2) = (1, 1, 6)
if d = 2. When m ≥ 4, Xd(P (m)) is a 2d-dimensional connected CW complex
whose nonzero Betti numbers are (b0, b1, b2) = (1, 2m+ 1,m(m− 3)) if d = 1 and
(b0, b1, b2, b4) = (1, 1, 2m,m(m− 3))) if d = 2.
Proof. Each vertex of LP (m) is of the form Fi×Fj if m > 3, and of the form vi×Fj
or Fi × vj if m = 3. Since each π
−1
d (Fi) is S
1 if d = 1 and S2 if d = 2, and since
π−1d (vi) is a point, we have that (π
−1
d )
×2(Fi × Fj) is S1 × S1 if d = 1 and S2 × S2
if d = 2, and (π−1d )
×2(vi × Fj) (or (π
−1
d )
×2(Fi × vj)) is also S
1 if d = 1 and S2 if
d = 2. Also, for all m ≥ 3, LP (m) is connected. Thus, Xd(P (3)) is a d-dimensional
connected CW complex and when m ≥ 4, Xd(P (m)) is a 2d-dimensional connected
CW complex.
Now we first have that E2p,0(LP (m), d) = Hp(S
1) by Remark 7.1 and Lemma 6.3,
so E2p,0(LP (m), d) = 0 if p > 1 and E
2
0,0(LP (m), d)
∼= E21,0(LP (m), d)
∼= Z.
If m = 3, by a direct calculation we have that E1p,dq(LP (3), d) = 0 for p > 0 and
q > 1, and E10,d(LP (3), d)
∼= Z6. Thus we have that
E2p,dq(LP (3), d) =

0 if either p > 1 and q = 0 or p > 0 and q > 1
Z if p ≤ 1 and q = 0
Z6 if p = 0 and q = 1
so E∞p,dq(LP (3), d)
∼= E2p,dq(LP (3), d).
Ifm > 3, then we have that E1p,dq(LP (m), d) = 0 for either p > 1 and q > 2 or p >
0 and q = 2. By a direct calculation, we obtain that E20,2d(LP (m), d)
∼= Zm(m−3),
E10,d(LP (m), d)
∼= Z2m(m−3) and E11,d(LP (m), d)
∼= Z2m(m−4). Note that Z2m(m−4)
means the trivial group 0 when m = 4, so E21,d(LP (4), d) = 0 and E
2
0,d(LP (4), d)
∼=
Z8. When m > 4, we can obtain that
0 −→ E11,d(LP (m), d) −→ E
1
0,d(LP (m), d) −→ 0
is isomorphic to the chain complex of the simplicial complex given by the disjoint
union of 2m copies of a segment, so E21,d(LP (m), d) = 0 and E
2
0,d(LP (m), d)
∼= Z2m.
Thus, if m > 3,
E2p,dq(LP (m), d) =

0 if either p > 1 and q = 0 or p > 0 and q > 2
Z if p ≤ 1 and q = 0
Z2m if p = 0 and q = 1
Zm(m−3) if p = 0 and q = 2
which implies that E∞p,dq(LP (m), d)
∼= E2p,dq(LP (m), d).
Finally, the desired Betti numbers for Xd(P (m)) can be read out from the ex-
pression of E2p,dq(LP (m), d). 
Remark 6.2. We actually calculate the integral homology of F(Z2)2(M
2, 2), and in
particular, the Mayer–Vietoris spectral sequence of F(Z2)2(M
2, 2) collapses at the
E2-term.
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6.2. The case in which P is an n-simplex ∆n with n > 1. Let sd(Bd(∆n)) be
the barycentric subdivision of the boundary complex of ∆n, which is an (n − 1)-
dimensional simplicial complex. Each simplex of sd(Bd(∆n)) will be expressed as
the form σ1 ⊂ σ2 ⊂ · · · ⊂ σl where σi is a face of Bd(∆n) (so 0 ≤ dimσi ≤ n− 1),
and is understood as a vertex of sd(Bd(∆n)). Let i, j be non-negative integers with
i+ j + 1 ≤ n. By Kni,j we denote the subcomplex of sd(Bd(∆
n)), formed by those
simplices {σ1 ⊂ σ2 ⊂ · · · ⊂ σl | dimσ1 ≥ i, dimσl ≤ n − j − 1}. Then we known
easily that Kni,j has the following properties:
• Kni,j is (n− i− j − 1)-dimensional.
• Kni,j is connected if n > i+ j + 1.
• For i′ ≤ i and j′ ≤ j, Kni,j ⊆ K
n
i′,j′ .
• Kn0,j is the barycentric subdivision of the (n− j − 1)-dimensional skeleton
of Bd(∆n). In particular, Kn0,0 = Bd(∆
n).
Lemma 6.5. Kni,j is combinatorially equivalent to K
n
j,i.
Proof. This follows by mapping each vertex σ of Kni,j to the vertex σ of K
n
j,i and
each simplex σ1 ⊂ σ2 ⊂ · · · ⊂ σl to σl ⊂ · · · ⊂ σ2 ⊂ σ1, where the σ means the
complement of σ in the boundary complex Bd(∆n) of ∆n, i.e., σ is the face of ∆n,
determined by those vertices which are not contained in σ. 
Proposition 6.6. The homology groups Hr(K
n
i,j) of K
n
i,j are free abelian. When
n = i+ j + 1,
br(K
n
i,j) =
{
0 if r 6= 0(
n+1
i+1
)
if r = 0.
When n > i+ j + 1,
br(K
n
i,j) =

∑j
s=0(−1)
s+j
(
n+1
s
)(
n−s
n−i−s
)
if r = n− i− j − 1
1 if r = 0
0 otherwise
where br(K
n
i,j) is the r-th Betti number of K
n
i,j.
Proof. When n = i+ j+1, Kni,j is a 0-dimensional complex with
(
n+1
i+1
)
simplices of
dimension i in Bd(∆n) as its vertices, so br(K
n
i,j) = 0 if r 6= 0 and b0(K
n
i,j) =
(
n+1
i+1
)
.
Of course, in this case, the homology group of Kni,j has no torsion.
Now suppose that n > i + j + 1. Given a simplex σ1 ⊂ σ2 ⊂ · · · ⊂ σl in Kni,j,
if dimσl < n − j − 1, then it belongs to Kni,j+1. If dimσl = n − j − 1, then this
simplex σ1 ⊂ σ2 ⊂ · · · ⊂ σl belongs to the following subcomplex of Kni,j⋃
σr∈K
n
i,j
dim σr=n−j−1
St(σr ,Kni,j)
so
(6.1) Kni,j = K
n
i,j+1
⋃ ⋃
σr∈K
n
i,j
dimσr=n−j−1
St(σr,Kni,j).
For each σr ∈ Kni,j with dimσr = n− j − 1, we have that
Lk(σr ,K
n
i,j) = {σ1 ⊂ σ2 ⊂ · · · ⊂ σs | dimσ1 ≥ i, σs ( σr}
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and obviously it is isomorphic to the subcomplex Kn−j−1i,0 of sd(Bd(σl)). Thus, we
conclude that
(6.2) St(σr,Kni,j)
⋂
Kni,j+1 = Lk(σr ,K
n
i,j) = K
n−j−1
i,0 .
Claim B. For n > i + j + 1 and each integer s, the relative homology group
Hs(K
n
i,j ,K
n
i,j+1) is a free abelian, and its Betti number
bs(K
n
i,j ,K
n
i,j+1) =
{(
n+1
j+1
)(
n−j−1
n−i−j−1
)
if s = n− i− j − 1
0 otherwise.
Using the axiom of excision and (6.1)–(6.2), we see that
Hs(K
n
i,j ,K
n
i,j+1)
∼=
⊕
σr∈K
n
i,j
dimσr=n−j−1
Hs(St(σr,Kni,j),Lk(σr,K
n
i,j)).
For s ≥ 1, we have
Hs(St(σr,Kni,j),Lk(σr,K
n
i,j))
∼= Hs−1(Lk(σr,K
n
i,j)) = Hs−1(K
n−j−1
i,0 ).
Since Kn−j−1i,0 has the same homology as the (n−i−j−2)-skeleton of the boundary
complex Bd(σr) of σr, we have that the reduced homology group H˜s−1(K
n−j−1
i,0 )
vanishes if s − 1 < n − i − j − 2 and the top Betti number bn−i−j−2(K
n−j−1
i,0 ) =(
n−j−1
n−i−j−1
)
, so Claim B follows from this.
We note that Kn0,0 is just sd(Bd(∆
n)), so Hs(K
n
0,0) = 0 if s 6= 0, n− 1. Consider
the long exact sequence
· · · → H˜s(K
n
i,j+1)→ H˜s(K
n
i,j)→ Hs(K
n
i,j ,K
n
i,j+1)→ H˜s−1(K
n
i,j+1)→ · · · .
Moreover, using an induction on i, j and Claim B, we may easily obtain the required
result. 
Now let πd : M
dn −→ ∆n be the Gnd -manifold over an n-dimensional simplex
∆n. Then we know from Theorem 4.3 that FGn
d
(Mdn, 2) is homotopic to
Xd(M
dn) =
⋃
σi∈F(∆n)
(π−1d )
×2(σi × σi).
Obviously, Xd(M
dn) is a d(n − 1)-dimensional CW complex. In order to apply
the theory of Mayer-Vietoris spectral sequence developed in Section 7, we choose a
locally nice complex L∆n in such a way that the vertex set of L∆n consists of all
(π−1d )
×2(σi × σi) where σi ∈ F(∆n), and each oriented simplex of L∆n is of the
form
[(π−1d )
×2(σi1 × σi1), · · · , (π
−1
d )
×2(σir × σir )]
with σi1 ⊂ · · · ⊂ σir . If we map (π
−1
d )
×2(σi × σi) to σi, we see that L∆n is
combinatorially equivalent to sd(Bd(∆n)). With this understood, we will identify
L∆n with sd(Bd(∆
n)).
Lemma 6.7.
E2p,dq(L∆n , d)⊗Rd
∼=
⊕
i+j=q
Hp(K
n
i,j ;Rd)
where
Rd =
{
Z2 if d = 1
Z if d = 2.
ORBIT CONFIGURATION SPACES 27
Proof. Given a simplex a of the form σi1 ⊂ · · · ⊂ σir in L∆n , we see that
Xda(L∆n) = (π
−1
d )
×2(σi1 × σi1) ∩ · · · ∩ (π
−1
d )
×2(σir × σir ) = (π
−1
d )
×2(σi1 × σir ).
We have known that Mdn is homeomorphic to RPn if d = 1 and CPn if d = 2, and
for each face σ of ∆n, π−1d (σ) is homeomorphic to RP
dimσ if d = 1 and CP dimσ if
d = 2. Thus, Xda(L∆n) is homeomorphic to RP
s × RP t if d = 1 and CP s × CP t if
d = 2 where s = dim σi1 and t = dimσir . Moreover, if d = 1 then
Hq(X
1
a(L∆n);Z2)
∼= Hl(RP
s × RP t;Z2) =
∑
i+j=q
Hi(RP
s;Z2)⊗Hj(RP
t;Z2)
and if d = 2 then
H2q(X
2
a(L∆n);Z)
∼= H2l(CP
s × CP t;Z) =
∑
i+j=q
H2i(CP
s;Z)⊗H2j(CP
t;Z).
So Hdq(X
d
a(L∆n);Rd) is generated by β
i ⊗ γj with i+ j = q, where βi and γj are
generators of Hi(RP
s;Z2) and Hj(RP
t;Z2) respectively if d = 1, and generators
of H2i(CP
s;Z)) and H2j(CP
t;Z)) respectively if d = 2. To emphasize βi ⊗ γj as
an element of Hdq(X
d
a (L∆n);Rd), we shall denote it by (β
i ⊗ γj)a. Define
fd : E
1
p,dq(L∆n , d)⊗Rd =
⊕
a∈L∆n
dim a=p
Hdq(X
d
a(L∆n);Rd) −→
⊕
i+j=q
Cp(K
n
i,j ;Rd)
by mapping (βi ⊗ γj)a to a ∈ K
n
i,j , where C∗(K
n
i,j ;Rd) is the chain complex of
Kni,j with Rd coefficients. Then fd is a chain map since the boundary operator on
E1∗,dq(L∆n , d) ⊗ Rd agrees with the boundary operator on
⊕
i+j=q C∗(K
n
i,j ;Rd) by
Remark 7.1 in Section 7. We see easily that fd is a bijection, so fd is actually a
chain isomorphism. Thus, fd induces the required isomorphism in Lemma 6.7. 
Remark 6.3. If q = 0, then Kn0,0 = sd(Bd(∆
n)) = L∆n , so E
2
p,0(L∆n , d) ⊗ Rd
∼=
Hp(S
n−1;Rd). This is also shown in Remark 7.1 of Section 7 since each X
d
a is
connected.
Combining Proposition 6.6, Lemma 6.7 and Remark 6.3, we have
Corollary 6.8.
E2p,dq(L∆n , d)⊗Rd ∼=

0 if p+ q 6= n− 1 and p 6= 0
Rq+1d if p = 0 and q < n− 1
R2
n+1−2
d if p = 0 and q = n− 1
R
∑
i+j=q
∑j
s=0(−1)
s+j(n+1s )(
n−s
n−i−s)
d if p+ q = n− 1 and p 6= 0.
Proposition 6.9. The spectral sequence E1p,q(L∆n , 1) ⊗ Z2, ..., E
∞
p,q(L∆n , 1) ⊗ Z2
collapses at the E2p,q-term. Furthermore,
Hi(F(Z2)n(M
n, 2);Z2) ∼=
⊕
p+q=i
E2p,q(L∆n , 1)⊗ Z2.
Proof. We see by Corollary 6.8 that for r ≥ 2, the differential
dr : E
r
p,q(L∆n , 1)⊗ Z2 −→ E
r
p−r,q+r−1(L∆n , 1)⊗ Z2
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is a zero homomorphism if p 6= r or q+r 6= n−1. This also means that E∞p,q(L∆n , 1)⊗
Z2 ∼= E2p,q(L∆n , 1)⊗Z2 if either p+ q < n− 2 or p+ q > n− 1. So, to complete the
proof of Proposition 6.9, it suffices to show that if p = r and q + r = n− 1, then
(6.3) dr : E
r
r,n−r−1(L∆n , 1)⊗ Z2 −→ E
r
0,n−2(L∆n , 1)⊗ Z2
is also a zero homomorphism. Actually, this is also equivalent to proving that
Hn−2(X1(M
n);Z2) ∼= E∞0,n−2(L∆n , 1)⊗Z2
∼= E20,n−2(L∆n , 1)⊗Z2, which is isomor-
phic to Zn−12 by Corollary 6.8.
Claim C. Hn−2(X1(M
n);Z2) ∼= Z
n−1
2 .
Regard ∆n as a facet of an (n + 1)-dimensional simplex ∆n+1, and let π1 :
Mn+1 −→ ∆n+1 be the small cover over ∆n+1. Then Mn = π−11 (∆
n). Of course,
we also have that E∞p,q(L∆n+1, 1) ⊗ Z2
∼= E2p,q(L∆n+1, 1) ⊗ Z2 if p + q < n − 1, so
using Theorem 5.1, we also have that
Hi(X1(M
n+1);Z2) ∼= E
2
0,i(L∆n+1 , 1)⊗ Z2
∼= Zi+12
for i < n−1. In particular, Hn−2(X1(Mn+1);Z2) ∼= E20,n−2(L∆n+1, 1)⊗Z2
∼= Zn−12 .
From the proof of Lemma 6.7, we have the following isomorphism
E10,n−2(L∆n+1, 1)⊗ Z2 =
⊕
a∈L
∆n+1
dim a=0
Hn−2(X
1
a(L∆n+1);Z2)
∼=
⊕
i+j=n−2
C0(K
n+1
i,j ;Z2).
Since Kn+1i,j with i+ j = n−2 is connected, take a simplex a ∈ K
n+1
i,j ⊂ L∆n+1 with
dim a = 0 (i.e., a is a vertex of Kn+1i,j and it is also a face of ∆
n+1 of dimension
≤ n− 2), each generator
(βi ⊗ γj)a ∈ Hn−2(X
1
a(L∆n+1);Z2)
is a cycle in the chain group E10,n−2(L∆n+1, 1)⊗Z2 (so the whole E
1
0,n−2(L∆n+1, 1)⊗
Z2 exactly becomes the cycle chain group in this case), and in particular, it is
homologous to any one of other generators (βi ⊗ γj)a′ , a′ ∈ K
n+1
i,j with dim a
′ = 0.
With this understood, for each 0 ≤ i ≤ n − 2, we can always choose a face σ
of dimension i in ∆n ⊂ ∆n+1 as such a 0-simplex a in Kni,j ⊂ K
n+1
i,j , so that
when i runs over 0, 1, ..., n − 2, all n − 1 generators of E20,n−2(L∆n , 1) ⊗ Z2 (resp.
E20,n−2(L∆n+1, 1)⊗Z2) can be represented by n−1 elements of the forms (β
i⊗γj)a ∈
Hn−2(X
1
a(L∆n);Z2) (resp. Hn−2(X
1
a(L∆n+1);Z2)), respectively.
Now for each such a, consider the following commutative diagram
(6.4)
Hn−2(X
1
a(L∆n);Z2)
θa−−−−→ Hn−2(X1a(L∆n+1);Z2)y λy
Hn−2(X1(M
n);Z2) −−−−→ Hn−2(X1(Mn+1);Z2)
where the four homomorphisms are induced by natural embeddings, such that θa
maps the generator (βi ⊗ γj)a of Hn−2(X1a(L∆n);Z2) to that of
Hn−2(X
1
a(L∆n+1);Z2).
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Next we shall show that the following diagram is commutative
(6.5)
Hn−2(X
1
a(L∆n+1);Z2)
κ
−−−−→ E10,n−2(L∆n+1, 1)⊗ Z2
λ
y py
Hn−2(X1(M
n+1);Z2)
ω
←−−−−
∼=
E20,n−2(L∆n+1, 1)⊗ Z2
where κ is the natural inclusion, p is the quotient map, and ω is the isomorphism in-
duced by the spectral sequence. In fact, from the definition of our spectral sequence
in Section 7, we may induce the following homomorphism
E11,∗(L∆n+1, 1)⊗ Z2
d1−→ E10,∗(L∆n+1, 1)⊗ Z2
i∗−→ H∗(X1(M
n+1);Z2)
‖⊕
a∈L
∆n+1
dim a=0
H∗(X
1
a(L∆n+1);Z2)
where i∗ is induced by all embeddings ia : X
1
a(L∆n+1) →֒ X1(M
n+1). Then
E20,∗(L∆n+1, 1) ⊗ Z2 is the cokernel of d1, so E
2
0,∗(L∆n+1, 1) ⊗ Z2 is a subgroup
of H∗(X1(M
n+1);Z2). Thus, the quotient map p agrees with λ, i.e., the above
diagram (6.5) is commutative.
Furthermore, let i ran over 0, 1, ..., n − 2. Then, all λθa(β
i ⊗ γn−2−i)a, i =
0, 1, ..., n−2, form a basis ofHn−2(X1(Mn+1);Z2). Using the commutative diagram
(6.4), we see that dimHn−2(X1(M
n);Z2) ≥ dimHn−2(X1(Mn+1);Z2) = n−1. On
the other hand, we have that dimHn−2(X1(M
n);Z2) = dimE
∞
0,n−2(L∆n , 1)⊗Z2 ≤
dimE20,n−2(L∆n , 1)⊗Z2 = n−1. Therefore, we have that dimHn−2(X1(M
n);Z2) =
n− 1, so Claim C holds. Moreover, we may obtain that the differential dr in (6.3)
is a zero homomorphism for r ≥ 2. This completes the proof. 
Proof of Proposition 6.2. Using Theorem 1.6, Proposition 6.9 and Corollary 6.8, by
direct calculations we may induce the required result for (mod 2) Betti numbers.
For more detailed calculations, we would like leave them as an exercise to the
readers. 
7. Appendix–Mayer-Vietoris spectral sequence
Suppose that X is a CW-complex with all cells indexed by J , and X1, ..., XN are
subcomplexes of X such that
⋃
iXi = X and all possible intersections of X1, ..., XN
are subcomplexes of X . Associated with X , we may define an abstract simplicial
complex K (including empty set) with vertices 1, ..., N (or X1, ..., XN ) as follows:
if Xi1 ∩ · · · ∩Xir 6= ∅, then {i1, ..., ir} ∈ K. For each a ∈ K, we define
Xa =
{⋂
i∈aXi if a 6= ∅
X if a = ∅.
Set DKp,q(X) =
⊕
a∈K,|a|=p+1Dq(Xa) where D∗(Xa) = {Dq(Xa)} is the cellular
chain complex of Xa. Then we shall see that D
K
∗,∗(X) has a natural double complex
structure.
Let eα be a cell of X in {eα|α ∈ J}. Define K(eα) = {a ∈ K | eα ⊂ Xa}.
Obviously,K(eα) is a subcomplex determined by some simplex ofK, so it is acyclic.
If a ∈ K(eα), then eα would be a generator of Ddim eα(Xa), denoted by eα,a.
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Furthermore, we may write each cellular chain of DKp,q(X) =
⊕
a∈K,|a|=p+1Dq(Xa)
as ∑
α∈J(q)
∑
a∈K(eα)
|a|=p+1
kα,aeα,a
where kα,a ∈ Z, and J(q) means that for α ∈ J(q), dim eα = q.
Let c =
∑
a∈K(eα)
λaa be a chain in the simplicial chain complex C∗(K(eα)) of
K(eα). Define eα,c =
∑
a∈K(eα)
λaeα,a. Then it is easy to check that
Lemma 7.1. eα,c = 0 if and only if c = 0.
Now two differentials on DK∗,∗(X) are defined as follows: One is ∂1 : D
K
p,q(X)→
DKp,q−1(X) given by
∂1(
∑
α∈J(q)
∑
a∈K(eα)
|a|=p+1
kα,aeα,a) =
∑
α∈J(q)
∑
a∈K(eα)
|a|=p+1
kα,a∂(eα,a)
which is induced by the boundary homomorphism ∂ of D∗(Xa), and the other one
is ∂2 : D
K
p,q(X)→ D
K
p−1,q(X) given by
(7.1) ∂2(
∑
α∈J(q)
∑
a∈K(eα)
|a|=p+1
kα,aeα,a) =
∑
α∈J(q)
∑
a∈K(eα)
|a|=p+1
kα,aeα,∂′a
which is induced by the boundary homomorphism ∂′ of the simplicial chain complex
C∗(K(eα)). Note that for the empty set ∅ ∈ K, ∂′∅ = 0.
An easy argument shows that ∂1∂2 = ∂2∂1. Thus we have the following commu-
tative diagram:
0 0 0
∂2
x ∂2x ∂2x
0
∂1←−−−− DK−1,0(X)
∂1←−−−− DK−1,1(X)
∂1←−−−− · · ·
∂1←−−−− DK−1,q(X)
∂1←−−−− · · ·
∂2
x ∂2x ∂2x
0
∂1←−−−− DK0,0(X)
∂1←−−−− DK0,1(X)
∂1←−−−− · · ·
∂1←−−−− DK0,q(X)
∂1←−−−− · · ·
∂2
x ∂2x ∂2x
...
...
...
...
...
∂2
x ∂2x ∂2x
0
∂1←−−−− DKp,0(X)
∂1←−−−− DKp,1(X)
∂1←−−−− · · ·
∂1←−−−− DKp,q(X)
∂1←−−−− · · ·
∂2
x ∂2x ∂2x
...
...
...
...
...
Now, let us look at the structure of this double complex (DK∗,∗(X), ∂1, ∂2).
Proposition 7.2. Every column of the above diagram is exact, i.e., for each q,
0
∂2←− DK−1,q(X)
∂2←− DK0,q(X)
∂2←− · · ·
∂2←− DKp,q(X)
∂2←− · · ·
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is exact.
Proof. Suppose that
∑
α∈J(q)
∑
a∈K(eα)
|a|=p+1
kα,aeα,a is a cycle in D
K
p,q(X). Then
∂2(
∑
α∈J(q)
∑
a∈K(eα)
|a|=p+1
kα,aeα,a) = 0.
Furthermore, we have that for each α ∈ J(q), ∂2(
∑
a∈K(eα)
|a|=p+1
kα,aeα,a) = 0. By
Lemma 7.1, we obtain that for each α ∈ J(q),
∂′(
∑
a∈K(eα)
|a|=p+1
kα,aa) = 0,
so
∑
a∈K(eα)
|a|=p+1
kα,aa is a cycle in Cp(K(eα)). Since K(eα) is acyclic, there exists a
chain cα in Cp+1(K(eα)) such that ∂′cα =
∑
a∈K(eα)
|a|=p+1
kα,aa, so∑
a∈K(eα)
|a|=p+1
kα,aeα,a = eα,
∑
a∈K(eα)
|a|=p+1
kα,aa = eα,∂′cα = ∂2(eα,cα).
Therefore, we conclude that∑
α∈J(q)
∑
a∈K(eα)
|a|=p+1
kα,aeα,a = ∂2(
∑
α∈J(q)
eα,cα)
is also a boundary chain, as desired. 
Define E1p,q(K) as the q-th homology group of the p-th row in the above diagram
for p ≥ 0, and when p < 0, let E1p,q(K) = 0. Let Im
K
p,q ∂2 = Im(D
K
p,q(X)
∂2−→
DKp−1,q(X)). Then we have the induced chain complex:
0←− ImKp,0 ∂2 ←− Im
K
p,1 ∂2 ←− Im
K
p,2 ∂2 ←− · · · ←− Im
K
p,q ∂2 ←− · · ·
Let A1p,q(K) be the q-th homology group of this chain complex. Note that when
p < 0, let A1p,q(K) = A
1
0,p+q(K).
Because every column in the above diagram is exact, we have the following short
exact sequence:
0 −−−−→ ImKp+1,∗ ∂2 −−−−→ D
K
p,∗(X)
∂2−−−−→ ImKp,∗ ∂2 −−−−→ 0
Furthermore, we may obtain the following long exact sequence:
· · ·
i
−→ A1p+1,q(K)
j
−→ E1p,q(K)
k
−→ A1p,q(K)
i
−→ A1p+1,q−1(K)
j
−→ E1p,q−1(K)
k
−→ · · ·
Then we can induce the following exact couple
A(K)
i // A(K)
j
{{✈✈
✈✈
✈✈
✈✈
✈
E(K)
k
cc❍❍❍❍❍❍❍❍❍
and the spectral sequence E1p,q(K), E
2
p,q(K), ..., E
∞
p,q(K) such that the r-th differ-
ential dr on E
r
p,q(K) is of bidegree (−r, r − 1).
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Remark 7.1. We can explicitly write out the differential d1 = j ◦ k of the chain
complex
· · ·
j◦k
−−→ E1p,q(K)
j◦k
−−→ E1p−1,q(K)
j◦k
−−→ · · ·
j◦k
−−→ E10,q(K) −→ 0.
At first, for a ∈ K, given an element βa ∈ H∗(Xa). Let b ⊂ a. Then we define
βa,b as the image of βa under the map H∗(Xa) → H∗(Xb) induced by the natural
imbedding Xa →֒ Xb. Now if c =
∑
i λibi is a chain of the simplicial chain complex
of K where bi ⊂ a, define βa,c as
∑
i λi βa,bi . Next, by the definition of E(K), we
know that
(7.2) E1p,q(K)
∼=
⊕
a∈K
|a|=p+1
Hq(Xa)
so we can write its element as
∑
a∈K
|a|=p+1
βa. Moreover, we see easily that
j ◦ k(
∑
a∈K
|a|=p+1
βa) =
∑
a∈K
|a|=p+1
βa,∂′a.
In particular, when q = 0 and every Xa is connected, the chain complex
· · ·
j◦k
−−→ E1p,0(K)
j◦k
−−→ E1p−1,0(K)
j◦k
−−→ · · ·
j◦k
−−→ E10,0(K) −→ 0
is isomorphic to the simplicial chain complex ofK\{∅}. Thus, E2p,0(K) is isomorphic
to Hp(K \{∅}). Note that since we have assumed that ∅ ∈ K, Hp(K) is isomorphic
to the reduced homology H˜k(K \ {∅}).
By the theory of spectral sequence, we have that
Theorem 7.3.
Hi(X) ∼=
⊕
p+q=i
E∞p,q(K)
Generally,K may have a very complicated structure. This will lead to a difficulty
for calculating the spectral sequence E1p,q(K), E
2
p,q(K), ..., E
∞
p,q(K) induced by the
double complex DK∗,∗(X). For the purpose of our application, we shall choose a
suitable subcomplex of K, so that this may give a simpler calculation.
Definition 7.0.1. A subcomplex L of K is said to be locally nice if L satisfies the
following properties:
• L contains all vertices of K and the empty set ∅.
• For each cell eα of X , L(eα) = {a ∈ L|eα ⊂ Xa} is acyclic.
Now let L be a locally nice subcomplex of K. Similarly, we can define a double
complex DL∗,∗(X) = {D
L
p,q(X)}, where D
L
p,q(X) =
⊕
a∈L,|a|=p+1Dq(Xa). Then we
see that for each q,
0
∂2←−−−− DL−1,q(X)
∂2←−−−− DL0,q(X)
∂2←−−−− · · ·
∂2←−−−− DLp,q(X)
∂2←−−−− · · ·
is still exact since L(eα) = {a ∈ L|eα ⊂ Xa} is acyclic for each cell eα of X . Thus,
we can induce a corresponding spectral sequence E1p,q(L), E
2
p,q(L), ..., E
∞
p,q(L) such
that
Hi(X) ∼=
⊕
p+q=i
E∞p,q(L).
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It should be pointed out that there is also a cohomological version of the above
argument. Namely, we can obtain a spectral sequence Ep,q1 (L), E
p,q
2 (L), ..., E
p,q
∞ (L)
from (X,L) such that
Hi(X) ∼=
⊕
p+q=i
Ep,q∞ (L).
References
[AP] C. Allday and V. Puppe, Cohomological Methods in Transformation Groups, Cambridge
Studies in Advanced Mathematics, 32, Cambridge University Press, 1993.
[Ar] V. I. Arnold, The cohomology ring of the group of dyed braids, Mat. Zametki 5 (1969) 227–
231.
[BBCG] A. Bahri, M. Bendersky, F. R. Cohen and S. Gitler, Decompositions of the polyhedral
product functor with applications to moment-angle complexes and related spaces, Proc. Natl.
Acad. Sci. USA 106 (2009), 12241–12244.
[BCWW] A. J. Berrick, F. R. Cohen, Y. L. Wong and J. Wu, Braids, configurations and homotopy
groups, J. Amer. Math. Soc. 19 (2006), no. 2, 265–326.
[Bir] J. S. Birman, Braids, links, and mapping class groups, Annals of Math. Studies 82, Princeton
University Press, (1975).
[Bo] R. Bott, Configuration spaces and embedding invariants, Turkish J. Math. 20 (1996), 1–17.
[BP] V.M. Buchstaber and T.E. Panov, Torus Actions and Their Applications in Topology and
Combinatorics, University Lecture Series, vol. 24, Amer. Math. Soc., Providence, RI, 2002.
[CL] X. Y. Cao and Z. Lu¨, Mo¨bius transform, moment-angle complexes and Halperin-Carlsson
conjecture, J. Algebraic Combin. 35 (2012), no. 1, 121–140. arXiv:0908.3174.
[CMS] S. Y. Choi, M. Masuda and D. Y. Suh, Rigidity problems in toric topology, a survey,
Tr. Mat. Inst. Steklova 275 (2011), Klassicheskaya i Sovremennaya Matematika v Pole Dey-
ate´lnosti Borisa Nikolaevicha Delone, 188–201. arXiv:1102.1359.
[CPS] S. Y. Choi, T. Panov and D. Y. Suh, Toric cohomological rigidity of simple convex poly-
topes, Journal of the London Math. Society, II Ser. 82 (2010), 343–360.
[Coh] D. C. Cohen, Monodromy of fiber-type arrangements and orbit configuration spaces, Forum
Math. 13 (2001), no. 4, 505–530.
[Co] F. R. Cohen, The homology of Cn+1 spaces, n ≥ 0, from: “The homology of iterated loop
spaces”, (F.R. Cohen, T.I. Lada, J.P. May, editors), Lecture Notes in Math. 533, Springer,
Berlin (1976).
[Co1] F. R. Cohen, On configuration spaces, their homology, and Lie algebras, Journal of Pure
and Applied Algebra. 100 (1995), 19–42.
[CKX] F. R. Cohen, T. Kohno and M. A. Xicote´ncatl, Orbit configuration spaces associated to
discrete subgroups of PSL(2,R), J. Pure Appl. Algebra 213 (2009), no. 12, 2289–2300.
[CX] F. R. Cohen and M. A. Xicote´ncatl, On orbit configuration spaces associated to the Gauss-
ian integers: homotopy and homology groups Arrangements in Boston: a Conference on
Hyperplane Arrangements (1999). Topology Appl. 118 (2002), no. 1-2, 17–29.
[DJ] M. Davis and T. Januszkiewicz, Convex polytopes, Coxeter orbifolds and torus actions, Duke
Math. J. 61 (1991), 417–451.
[FN] E. Fadell and L. Neuwirth, Configuration spaces, Math. Scand. 10 (1962) 111–118.
[Fa] M. Farber, Invitation to topological robotics. Zu¨rich Lectures in Advanced Mathematics.
European Mathematical Society (EMS), Zu¨rich, 2008. ISBN: 978-3-03719-054-8.
[FT] Y. Fe´lix and J. C. Thomas, Rational Betti numbers of configuration spaces, Topology Appl.
102 (2000), 139–149.
[FZ] E. M. Feichtner and G. M. Ziegler, On orbit configuration spaces of spheres, Arrangements
in Boston: a Conference on Hyperplane Arrangements (1999). Topology Appl. 118 (2002),
85–102.
[Gh] R. Ghrist, Configuration spaces and braid groups on graphs in robotics. Knots, braids, and
mapping class groups, papers dedicated to Joan S. Birman (New York, 1998), 29–40, AMS/IP
Stud. Adv. Math., 24, Amer. Math. Soc., Providence, RI, 2001.
[IFM] H. Ishida, Y Fukukawa and M. Masuda, Topological toric manifolds, arXiv:1012.1786.
[LT] Z. Lu¨ and Q. B. Tan, Equivariant Chern numbers and the number of fixed points for unitary
torus manifolds, Math. Res. Lett. 18 (2011), no. 6, 1319–1325. arXiv:1103.6173
34 JUNDA CHEN, ZHI LU¨ AND JIE WU
[LY] Z. Lu¨ and L. Yu, Topological types of 3-dimensional small covers, Forum Math. 23 (2011),
245–284.
[M] M. Masuda, Equivariant cohomology distinguishes toric manifolds, Adv. Math. 218 (2008),
2005–2012.
[MS] M. Masuda and D. Y. Suh, Classification problems of toric manifolds via topology, Proc. of
Toric Topology, Contemp. Math. 460 (2008), 273–286.
[Mu] James R. Munkres, Elements of Algebraic Topology, Addison–Wesley Publishing Company,
Menlo Park, CA, 1984.
[N] Y. Nambu, Second configuration space and third quantization, Progress Theoret. Physics 4
(1949), 96–98.
[U] Yury Ustinovsky, Toral rank conjecture for moment-angle complexes, arXiv:0909.1053.
[vT] M. P. Van Straten, The topology of the configurations of Desargues and Pappus, Rep. Math.
Colloquium (2) 8 (1948), 3–17.
[T] B Totaro, Configuration spaces of algebraic varieties, Topology 35 (1996), 1057–1067.
MR1404924
[V] V. A. Vassiliev, Complements of discriminants of smooth maps: topology and applications,
Transl. of Math. Monogr. 98, Amer. Math. Soc. (1992) MR1168473 Translated from the
Russian by B Goldfarb. Translation edited by S Gelfand.
[X] M. A. Xicote´ncatl, Orbit configuration spaces, infinitesimal braid relations in homology and
equivariant loop spaces. Thesis (Ph.D.)-University of Rochester. 1997.
[X2] M. A. Xicote´ncatl, On orbit configuration spaces and the rational cohomology of F (RPn, k).
Une de´gustation topologique [Topological morsels]: homotopy theory in the Swiss Alps
(Arolla, 1999), 233–249, Contemp. Math., 265, Amer. Math. Soc., Providence, RI, 2000
[YNK] Y. Yamashita, H. Nishi and S. Kojima, Configuration spaces of points on the circle and
hyperbolic Dehn fillings, II, Geometrae Dedicata 89 (2002), 143–157.
School of Mathematical Sciences, Fudan University, Shanghai, 200433, China
E-mail address: 072018012@fudan.edu.cn
School of Mathematical Sciences, Fudan University, Shanghai, 200433, China
E-mail address: zlu@fudan.edu.cn
Department of Mathematics, National University of Singapore, Singapore 119260,
Republic of Singapore
E-mail address: matwujie@math.nus.edu.sg
URL: http://www.math.nus.edu.sg/~matwujie
